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Abstract 
 

Propagation in an urban outdoor en-
vironment which consists of three di-
mensional scatterers (walls) is the main 
goal of our research. Provided that both 
transmitter and receiver are located be-
low rooftop level, this scenario pertains 
to propagation circumstances related to 
modern high frequency communication 
wireless networks. Such environment 
could be modeled through the prerequi-
site problem of an electromagnetic 
(EM) wave which is assumed to be in-
cident on a perfectly conducting rectan-
gular plate of finite dimensions.  

Our contribution to the problem is a 
simulation application, which is based 
on an enhanced Stationary Phase 
Method asymptotic approximation for 
the calculation of the scattered electric 
field from a finite rectangular plate. 

Our principal result is an SPM formu-
la which produces thorough results 
analytically proven to correspond to a 
plane wave. The novel, important fea-
ture of our approach is the inclusion of 
the edge contribution to the resulting 
asymptotic expressions using – simple 
to implement, yet complicated in terms 
of results - improved edge contribution 
forms, which have not been document-
ted in the literature for the case of a 
double integral.  

Simulation results are compared to 
results obtained with standard numeri-
cal integration, though SPM divulged 
here is incomparably faster. 
 

1. Introduction 
 

Let us consider the observation point 
Rx(x,y,z) in a propagation problem lay-
out of an electromagnetic (EM) wave 
with wavevector ki, which is assumed to 
be incident on a perfectly conducting 
rectangular plate of finite dimensions. 
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Figure 1. 3D geometry xy plane projection 

 
This three dimensional scatterer is 

the necessary prerequisite in order to 
model propagation in an urban outdoor 
environment, which consists of three di-
mensional walls and obstacles that of-
ten pertain to modern high frequency 
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communication wireless networks, such 
as GSM, UMTS, Wi-Fi and Wi-Max 
technologies. Should the rectangular 
plate lie on the xy plane, two different 
approaches are distinguished according 
to the polarization of the incident field 
(TE + TM polarization). 

 

2.  Vector Potential A


 and Scattered   

     Electric Field E


 
 
According to P.O theory, the current 

density is equal to Eq. 1: 
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By utilising the three dimensional 

Green function (Eq. 2):  
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the vector potential A


 at the observa-
tion point Rx(x,y,z) is given by Eq. 3: 
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Substitution of total current density 

yields the potential vector expression 
(Eq. 4) for both TE and TM polarization: 
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since it is easily obtained from Fig. 1 
that  
 

     222 )'()'( zyyxxrr   (5) 

and K, L constants which depend on 
the incident angles θi and φi satisfying 
Eqs. 6-7: 
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                      iiL  sinsin          (7) 

 

Finally the scattered electric field is 
calculated from the formula: 
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3. SPM approximations 

 
Operating at the frequency of 1GHz 

or higher, scatterers that appear in the 
above networks are considered to be 
electrically large, and current density 
may be calculated with good accuracy 
using the physical optics (P.O.) appro-
ximation. Modifying appropriately Eq. 4 
we can apply SPM approximations 
which result in calculating the vector 
potential and eventually the total scat-
tered electric field at the observation 
point Rx(x,y,z). The functions we use 
are derived in Eqs. 9-10:  
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The novel, important feature of our 

approach is the inclusion of the edges 
contribution to the resulting asymptotic 
expressions, which has not been docu-
mented in the literature for a double in-
tegral. In some cases [1] a literature 
approach for the solution of the above 
problem cannot be applied. This solu-
tion is achieved by inserting a rotation 
of the three dimensional system using 
spherical coordinates variables, result-
ing in rather complicated formulas 
which are not easy to neither handle, 
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nor implement or utilize in a modern 
propagation simulation tool. Addition-
ally, the results of this rotation, due to 
the extreme complexity of the analytical 
values they include, are unable to pro-
duce an effective series of fast and 
adequate results. 

 

 
 

Figure 2. SPM approach 

 
Our approach is illustrated in Fig. 4. 

According to this procedure, the initial 
integral, which is to be computed, is ex-
tended to infinite for both x’ and y’ vari-
ables. This extension primarily enables 
us to utilize the standard SPM formulas, 
documented for an infinite integral [2]. 
Since the plate is finite, additional cor-
rection terms should be included in the 
final SPM result. Those terms are ob-
tained by subtracting the remaining ar-
eas around the finite plate. For those 
terms, the results are computed by util-
izing a combination of SPM and edge 
contribution side formulas, thoroughly 
documented but only for the case of a 
single integral. By applying such calcu-
lations twice, we present here new 
functions on which we re-apply SPM 
approximations, and finally result in 
avoiding the complicated variable rota-
tion and making the solution applicable. 
Using this technique we are also able to 
present thorough analytical results, 
which for the case of the double integral 
are really complicated. Eqs. 11-37 pre-
sent the method explained above: 

     

       

       

   

           43210

,

,,

,,

,

,

,,

,,

,

IIIIIkI

ydxdeyxF

ydxdeyxFydxdeyxF

ydxdeyxFydxdeyxF

ydxdeyxFkI

cy

yxfkj

a

bx

dy

yxfkj

a

bx

yxfkj

bx

yxfkj

ax

yxfkj

c

dy

yxfkj

a

bx











 

  

  

 





















































(11) 

      

    ssss yxfkj
CBAk

j
yxF

ydxdyxfkjyxFI

,exp
4

2
,

,exp,0

2







  









  

(12) 
where  

k: real number, relatively high. 
xs, ys: Stationary points of f, i.e. the 

points for which both the partial deriva-
tives of f in respect to x’ and y’ variables 
are zero. 

 

              0, 








ssx

yy
xx

yxf
x

f

s

s

 (13) 

              0, 








ssy

yy
xx

yxf
y

f

s

s

 (14) 

 
f(x,y): Slow varying, real, non-linear 

function, independent of k. 
F(x,y): Non-linear function, may be 

complex, but should also be independ-
ent of k. 

a, b, c, d: Limits of double integral. 
The information of the limits is included 
in the location of stationary points xs, ys. 

A, B, C: Constants related to the de-
rivatives of function f which are calcu-
lated from Eqs. 15-17: 
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δ: Value of δ is defined from the rela-

tive values of A, B, C constants: 
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Final results are obtained when sub-

stituting functions included in Eqs. 19-
28 with the corresponding expressions 
using Eqs. 29-34, listed below: 
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Equations I[1], I[2], I[3.1] and I[4.1] 
include the stationary points x0 and y02, 
y03 respectively. Since these integral 
terms refer to modified stationary points, 
as shown in Eqs. 35-37 below, their 
contribution will be included in the final 
result, only if these points are located 
between [c,d] and [b,a] respectively. In 
any other case, the contribution of the-
se integral terms is zero. 
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4. Simulation Results 

 
Furthermore, in order to check the 

accuracy of our asymptotic calculations, 
standard (e.g. Gaussian) numerical in-
tegration was used to compare the re-
sults. Due to the complexity of the func-
tions on which SPM is applied, the cal-
culations were carried out using MAT-
LAB’s symbolic toolbox. A simulating 
application was also developed for the 
asymptotic SPM calculations. Results 
derived from MATLAB calculations con-
stitute an aggregation of complicated 
formulas. Assuming an appropriate set 
of simulation parameters, the total elec-
tric field was calculated for distances in 
the Far Field, Fresnel Region and Near 
Field area. We compared SPM method 
and numerical integration for the fre-
quency of 1GHz and for rectangular 
plates with side length equal to 20λ, 
40λ, 60λ and 80λ. Both the elevation 
and azimuth angles of incidence were 
assumed equal to 45 degrees. 

Comparison charts in Figs. 3 – 8 
above indicate reasonable convergence 
between the asymptotic results of the 
SPM method, drawn with solid line, and 

the numerical results of standard inte-
gration, drawn with dashed line. 

 
4.1. Small Scatterer 

 
In Figs. 3 – 5, numerical results are 

shown for a rectangular plate of side 
dimension 20λ in the Near Field area 
(r=25m), the Fresnel area (r=100m) and 
the Far Field area (r=300m).  

 

 
Figure 3. 20λ plate side, Near Field area 

 
Figure 4. 20λ plate side, Fresnel area 

 
Figure 5. 20λ plate side, Far Field area 
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4.2. Large Scatterer 

 
In Figs. 6 – 8, we provide results for 

the case of a larger scatterer of side 
dimension 80λ in the Near Field area 

 

 
Figure 6. 80λ plate side, Near Field area 

 
Figure 7. 80λ plate side, Fresnel area 

 
Figure 8. 80λ plate side, Far Field area 

 
(r=100m), the Fresnel area (r=1000m) 
and the Far Field area (r=4500m). 

These numerical results show satis-
factory agreement between the two 
methods of computation for both cases 

of 20λ plate side and 80λ plate side 
scatterers. Deviations of the main lobe, 
which occur in the far field area only for 
both 20λ and 80λ plate side scatterers, 
are justified by the behaviour of Eqs. 
22-24 and Eqs. 25-27. 

 
5. Conclusion 

 
Even though rather complicated 

mathematical formulas are involved in 
the proposed SPM method, it is very 
important that this technique is much 
faster than the numerical integration. 
Namely, SPM in this case is about 40 
times faster. We can very easily under-
stand how important this is for the nu-
merical implementation of a simulated 
propagation problem in an urban out-
door environment, in which case many 
scatterers (walls) and multiple reflection 
phenomena are present. Furthermore, 
by increasing the dimensions of the 
scatterer, we are effectively increasing 
the frequency, thus reducing the error. 
The SPM method presented here ap-
pears to be very attractive for the calcu-

lation of vector potential A


 and electric 

field E


 in various radio propagation 
simulation tools. 

Future development includes amelio-
ration of the behaviour of the main lobe 
by reducing the errors using additional 
factorial integration. 
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