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FHPD*3: Frqihuhqfh/ Vr�d

Devwudfw1 H{suhvvlrqv ri wkh irup vlqf{/
+ vlq{@{,u ru +vlq2 {,@{ pd| rffxu lq hqjlqhhu0
lqj sureohpv/ iru lqvwdqfh lq vljqdo surfhvvlqj
ru frppxqlfdwlrqv1 Xvlqj ]0Wudqvirup whfk0
qltxhv/ lw fdq eh vkrzq wkdw wkh orfdwlrqv dqg
dpsolwxghv ri wkh h{wuhpd ri wkh vlqf ixqfwlrq/
zkhq h{suhvvhg xqghu wkh irup ri vhulhv h{sdq0
vlrqv/ fdq eh fdofxodwhg yhu| idvwo| wkurxjk d
vwudljkwiruzdug uhfxuvlrq irupxod1 Pruhryhu/
yhu| vlpsoh dffxudwh dojheudlf h{suhvvlrqv fdq
eh ghulyhg iru hydoxdwlqj wkhvh orfdwlrqv dqg
dpsolwxghv1 Xvlqj d vlplodu dssurdfk/ uhfxu0
vlrq irupxodh dqg dojheudlf h{suhvvlrqv fdq
eh rewdlqhg iru wkh orfdwlrqv dqg dpsolwxghv
ri wkh h{wuhpd ri + vlq{@{,u/ dqg ri wkrvh ri
+vlq2 {,@{ dv zhoo1

L1 LQWURGXFWLRQ
Wkh vlq{@{ ixqfwlrq +Ilj1 4d, sod|v d nh|

uroh lq wkh �hogv ri vljqdo surfhvvlqj dqg frp0
pxqlfdwlrqv ^4/ 5`/ vr lwv surshuwlhv kdyh ehhq
h{whqvlyho| vwxglhg1 Lwv Irxulhu wudqvirup/ wkh
uhfwdqjxodu ixqfwlrq/ lv dovr zlgho| xvhg1 Rq
wkh rwkhu kdqg/ wkh frqyroxwlrq rshudwru dqg
lwv frxqwhusduw uhjduglqj wkh Irxulhu Wudqv0
irup/ wkh surgxfw rshudwru/ duh ri juhdw lpsru0
wdqfh1 Wklv sdshu suhvhqwv wkh frpsxwdwlrq ri
wkh h{wuhpd ri wkh ixqfwlrq +vlq{@{,u/ zkhuh
u lv d srvlwlyh lqwhjhu1 Wklv ixqfwlrq fdq eh
ylhzhg dv wkh uhvxow ri wkh Irxulhu wudqvirup
ri d surgxfw ri u lghqwlfdo uhfwdqjxodu sxovhv1
D xvhixo fdvh lv wkdw ri wkh ixqfwlrq +vlq{@{,2
+Ilj1 4e, zklfk uhsuhvhqwv wkh Irxulhu wudqv0
irup ri d wuldqjxodu ixqfwlrq1
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Ilj1 4d1 vlq{@{
Iru h{dpsoh/ d zlqgrz lv iuhtxhqwo| xvhg lq

wkh wlph grpdlq wr olplw wkh gxudwlrq ri d vlj0
qdo ehiruh fdofxodwlqj lwv Glvfuhwh Irxulhu Wudq0
irup1 Pdq| nlqgv ri zlqgrzv fdq eh frqvlg0
huhg1 Jhqhudoo|/ wkh zlqgrz lv fkrvhq zlwk

d vprrwk uhwxuq wr }hur dw lwv hqgv/ lq rughu
wr dyrlg glvfrqwlqxlw| ehwzhhq wzr vxffhvvlyh
uhsolfdv ri wkh shulrgl}hg vljqdo1 Wklv ohdgv
wr hqkdqfhg surshuwlhv ri lwv Glvfuhwh Irxulhu
Wudqvirup1 Wkh zhoo nqrzq uhfwdqjxodu zlq0
grz grhv qrw vdwlvi| wklv fulwhulrq/ exw lwv
pxowlsoh frqyroxwlrqv gr1 Wkh vprrwkqhvv dw
wkh hqgv ri wkh vr0fdoohg sro|qrpldo zlqgrzv
^6` lqfuhdvhv zlwk wkh qxpehu ri frqyroxwlrqv1
Vr wkh iuhtxhqwldo surshuwlhv ri d sro|qrpldo
zlqgrz/ zklfk fruuhvsrqgv wr wkh frqyroxwlrq
ri u uhfwdqjxodu zlqgrzv ri gxudwlrq W / duh
jlyhq e| lwv Irxulhu Wudqvirup sursruwlrqdo wr
+vlq{@{,u/ zlwk { @ �Wi 1 Lq sduwlfxodu/ wkh
wuldqjxodu zlqgrz dqg wkh sduderolf zlqgrz
duh uhodwlyh wr u @ 5 dqg u @ 6/ uhvshfwlyho|1
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Ilj1 4e1 +vlq{@{,2
Wkh +vlq{@{,u ixqfwlrq pd| dsshdu lq rwkhu

dssolfdwlrqv/ iru lqvwdqfh zkhq vwxg|lqj udq0
grp surfhvvhv ^7`1 Lq wkh fdvh ri d vlpsoh
udqgrp elqdu| zdyh/ zlwk sxovhv ri dpsolwxgh
.D dqg �D dqg gxudwlrq W / wkh dxwrfruuh0
odwlrq ixqfwlrq kdv d wuldqjxodu zdyhirup dqg
wkh h{suhvvlrq ri wkh srzhu vshfwudo ghqvlw| /
lv D2W +vlq{@{,u/ zlwk { @ �Wi 1
Lq wklv sdshu/ lw zloo dovr eh suhvhqwhg wkh

frpsxwdwlrq ri wkh h{wuhpd ri wkh ixqfwlrq | @
+vlq2 {,@{/ zklfk fdq dovr eh zulwwhq | @ vlq{
+vlq{@{, +Ilj1 5,1 Vxfk dq h{suhvvlrq pd|
eh hqfrxqwhuhg lq vljqdo surfhvvlqj ru frppx0
qlfdwlrqv sureohpv/ dqg dovr lq rwkhu �hogv ri
sk|vlfv ru hqjlqhhulqj1
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Iru h{dpsoh/ li zh frqvlghu wkh vljqdo
D+�++w��@5,@�,. �++w.�@5,@�,, +zlwk �+w, @
4 li mwm � 4@5 dqg 3 li mwm A 4@5,/ l1h1 wkh vxp
ri wzr uhfwdqjxodu sxovhv v|pphwulfdo wrzdugv
wkh ruljlq +ru wkh frqyroxwlrq ri d uhfwdqjxodu
sxovh D�+w@�, e| wzr Gludf lpsxovhv �+w��@5,
dqg �+w.�@5, v|pphwulfdo wrzdugv wkh ruljlq,/
lwv Irxulhu wudqvirup lv h{suhvvhg dv iroorzv =
5mD� vlq2+�i�,@+�i�,1

LL1 H[WUHPD RI +vlq{@{,u
LL141 Htxdwlrq
Lw lv fohdu wkdw wkh }hurv ri wkh ixqfwlrq

+vlq{@{,u duh dw 	n� +n @ 4> 5> ===, dqg wkh
joredo pd{lpxp/ zklfk htxdov 4/ lv dw { @ 31
Wkh plqlpd ri +vlq{@{,u iru dq hyhq u duh
dw 	n� +n @ 4> 5> ===, dqg htxdo 31 Exw wkh
orfdo h{wuhpd +vlq{@{,u iru dq| u duh qrw dw
�{p @ 	+5p.4,�@5 +p @ 4> 5> ===,1 Wkhlu orfd0
wlrqv {p duh/ iru doo u/ wkh vroxwlrqv ri

{ @ wdq{ +4,
Rqfh wkh {p rewdlqhg/ wkh h{wuhpd dpsolwxghv
|p>u fdq eh ghgxfhg iurp

|p>u @ frvu {p +5,
ru |p>u @ +�4,pu+4 . {2p,3u@21
Lq vrph dssolfdwlrqv/ dffxudwh ghwhuplqdwlrq

ri wkh h{wuhpd lv qhhghg ^8`1 Lq ^8`/ d forvhg0
irup dssur{lpdwlrq dqg d uhfxuvlrq irupxod
zhuh sursrvhg wr ghwhuplqh wkh orfdwlrqv ri
wkh orfdo h{wuhpd/ zlwk d jrrg dffxudf|1 Lq d
pruh uhfhqw sdshu ^9`/ phwkrgv zhuh suhvhqwhg
dqg xvhg iru wkh frpsxwdwlrq ri erwk wkh or0
fdwlrqv dqg wkh dpsolwxghv ri wkh vlq{@{ ixqf0
wlrq*v h{wuhpd1 Hvshfldoo|/ vhulhv h{sdqvlrqv
zhuh lqwurgxfhg wr h{suhvv wkh h{wuhpd orfd0
wlrqv dqg dpsolwxghv/ dv zhoo dv vlpsoh dojh0
eudlf dssur{lpdwlrqv/ doorzlqj wr uhdfk dq h{0
fhoohqw dffxudf|1 Wkhvh uhvxowv zhuh h{whqghg
wr wkh ixqfwlrq +vlq{@{,u lq ^:`1 Lq sduwlfxodu/
lw zdv vkrzq krz wr frpsxwh wkh frh!flhqwv
ri wkh |p>u vhulhv h{sdqvlrqv dqg jlyh dssur{l0
pdwh dojheudlf h{suhvvlrqv iru |p>u1
LL151 Orfdwlrqv ri wkh h{wuhpd
LL15141 Vhulhv h{sdqvlrq
Ohw xv ghqrwh hp @ �{p � {p wkh gl�hu0

hqfh ehwzhhq hdfk h{dfw h{wuhpxp orfdwlrq {p

dqg lwv qhduhvw rgg pxowlsoh ri �@5/ l1h1 �{p1
Wkhq ohw xv zulwh hp xqghu wkh irup ri d vh0
ulhv h{sdqvlrq lq vxffhvvlyh srzhuv ri +�{p,3�=
hp @ Sn"

q'f hqp+�{p,3q1 Wkhuhiurp wkh h{0
sdqvlrq frh!flhqwv ri wkh h{wuhpd orfdwlrqv
{p @ Sn"

q'3� {qp+�{p,3q fdq eh lpphgldwho|
ghgxfhg = {3�p @ �{p/ {qp @ �hqp +q � 3,1
Zh vkrz qrz wkdw xvlqj edvlf }0Wudqvirup

whfkqltxhv doorzv wr ghulyh wkh frh!flhqwv ri
wkh h{sdqvlrqv1 Fkdqjlqj �{p lqwr }p iru wklv
sxusrvh dqg ohdylqj rxw wkh lqgh{ p iru wkh
frh!flhqwv duh lqghshqghqw ri p/ htq 4 wdnhv
wkh irup

wdq h @ 4
} � h +6,

Wkh �uvw ghulydwlyh fdq eh h{suhvvhg dv
gh
g} @ � 4

+} � h,2 +7,

D vhfrqg ghulydwlrq ohdgv wr
+} � h,g

2h
g}2 � 5+ghg} ,

2 . 5ghg} @ 3 +8,
Li I +}, dqg J+}, ghqrwh wkh }0wudqvirupv ri

iq dqi jq uhvshfwlyho| +iq - I +}, dqg J+}, -
jq,/ qrwh wkh iroorzlqj lqyhuvh }0wudqvirupv =
}3�I +}, + iq3�/ �} gI E}�g} + qiq/ I +},J+}, +Sq

m'f imjq3m @
Sq

m'f iq3mjm1Lqwhusuhwlqj htq 8 e| xvlqj edvlf }0
Wudqvirup surshuwlhv doorzv wkh vwudljkwiru0
zdug frpsxwdwlrq ri wkh h{sdqvlrq frh!flhqwv
ri h wkurxjk wkh iroorzlqj uhodwlrq +zkhuh q lq
hq ghqrwhv dq xsshu lqgh{,

hq @ 4
q+q� 4, ==

==Sq32
m'�/ m rgg m+5q� m � 4,hmhq3m3�/

q � 6/ q rgg
hq @ 3/ q � 3/ q hyhq

+9,

zlwk h� @ 41 Wkhuhiruh wkh h{sdqvlrq ri {p
ehjlqv dv iroorzv

{p @ �{p � +�{p,3� � 2
�+�{p,3�==

==� ��
�D+�{p,3D � �eS

�fD+�{p,3. � === +:,

LL15151 Dojheudlf dssur{lpdwlrq
E| olplwlqj wklv h{sdqvlrq/ vlpsoh forvhg0

irup dssur{lpdwlrqv duh rewdlqhg iru {p1 Wd0
eoh 4 vkrzv wkh ydoxhv rewdlqhg iru {�/ {2/ {�
xvlqj wkh vxffhvvlyh whupv ri wkh vhulhv h{sdq0
vlrq +wkh wdeoh vwduwv zlwk {p * �{p dw udqn
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s @ 3 +q @ 5s � 4,,1 Lw fdq eh revhuyhg iru
h{dpsoh wkdw diwhu rqo| wzr udqnv/ wkh pd{l0
pxp uhodwlyh huuru ri wkh yhu| vlpsoh dojheudlf
dssur{lpdwlrq {p * �{p � +�{p,3� � 2

�+�{p,3�
lv ;=<9{433D dqg lw rffxuv iru p @ 41 Wkh uho0
dwlyh huuru lv ohvv wkdq 6=;9{433S iru wkh rwkhu
ydoxhv ri p1 Wklv yhu| vlpsoh irupxod jlyhv
uhvxowv frpsdudeoh wr wkrvh ri htq 4 lq ^8`1

Wdeoh 41 Vxffhvvlyh ydoxhv iru {�/ {2/ {�
s {4 {5 {6
3 7=:456;;<;3 :=;86<;4967 43=<<88:75<
4 7=8334;56<3 :=:5998:9;3 43=<3795;94
5 7=7<6;44:49 :=:585;4947 43=<3745:45
6 7=7<676;::3 :=:58585947 43=<37454:6
7 7=7<6744;58 :=:58584;8< 43=<3745499
4 7=7<673<78; :=:58584;6: 43=<3745499

LL161 Dpsolwxghv ri wkh h{wuhpd
LL16141 Vhulhv h{sdqvlrq
Xvlqj wkh vdph dssurdfk dv iru wkh or0

fdwlrqv/ wkh h{wuhpd wkhpvhoyhv fdq eh gl0
uhfwo| fdofxodwhg1 Iurp htq 4/ wkhlu dpsol0
wxghv duh |p>u @ +�4,pu vlqu hp1 Dvvxplqj
wkdw |p>u fdq eh h{sdqghg xqghu wkh irup
|p>u @ +�4,pu

Sn"
q'f |qp>u+�{p,3q/ dqg fkdqj0

lqj �{p lqwr }p/ htqv 6 dqg 7 ohdg wr wkh vlpsoh
iroorzlqj htxdwlrq +p lv rplwwhg dv deryh,

�+} � h,g m|umg} @ u m|um +;,
Lqwhusuhwlqj htq ; e| xvlqj edvlf }0Wudqvirup
surshuwlhv doorzv khuh wkh vwudljkwiruzdug
frpsxwdwlrq ri wkh h{sdqvlrq frh!flhqwv ri
+�4,pu|p>u wkurxjk wkh iroorzlqj uhodwlrq
+zkhuh q lq |qu ru hq ghqrwhv dq xsshu lqgh{,

|qp>u @ 4
q� u

Sq3�
m'u mhq3m3�|m/

q A u/ +q� u, hyhq
|qp>u @ 3/ q � 3/ +q ? u/ +q� u, rgg,

+<,

zlwk |up>u @ 41 Wkhuhiruh wkh h{sdqvlrq ri |p>u

ehjlqv dv iroorzv/ iru u @ 4 dqg u @ 5 dv h{dp0
sohv

|p>� @ +�4,p +�{p,3� . �
2+�{p,3�==

==. ��
2e+�{p,3D . S�

Hf+�{p,3. . === +43,

|p>2 @ +�{p,32 . +�{p,3e . ==
==e�+�{p,3S . ��

�D+�{p,3H . === +44,
LLL16151 Dojheudlf dssur{lpdwlrq

E| olplwlqj wklv h{sdqvlrq/ vlpsoh forvhg0
irup dssur{lpdwlrqv duh rewdlqhg iru |p>u1
Wdeoh 5 vkrzv wkh ydoxhv rewdlqhg iru

|��/ |�2/ |�� xvlqj wkh vxffhvvlyh whupv
ri wkh vhulhv h{sdqvlrq +wkh wdeoh vwduwv
zlwk |p>� * +�4,p +�{p,32 dw udqn
s @ 3 +q @ 5s . 4,,1 Lw fdq eh re0
vhuyhg iru h{dpsoh wkdw diwhu rqo| wzr
udqnv/ wkh pd{lpxp uhodwlyh huuru ri wkh
vlpsoh dojheudlf dssur{lpdwlrq |p>� *
+�4,p �+�{p,3� . �

2+�{p,3� . ��
2e+�{p,3D� lv

:=67{433D dqg lw rffxuv iru p @ 41 Wkh
uhodwlyh huuru lv ohvv wkdq 6=64{433S iru wkh
rwkhu ydoxhv ri p1

Wdeoh 51 Vxffhvvlyh ydoxhv iru |��/ |�2/ |��
s |44 |45 |463 �3=5455398<3; 3=45:656<878 �3=3<3<789;4::
4 �3=549<;78<8< 3=45;6893369 �3=3<4654:<5<9
5 �3=54:54:9;:7 3=45;6:745;; �3=3<465849638
6 �3=54:5657965 3=45;6:78757 �3=3<46585355<
7 �3=54:566868< 3=45;6:78865 �3=3<4658535;5
4 �3=54:56695;5 3=45;6:78868 �3=3<4658535;5
Wdeoh 6 vkrzv wkh ydoxhv rewdlqhg iru |2�/ |22/|2� xvlqj wkh vxffhvvlyh whupv ri wkh vhulhv h{0

sdqvlrq +wkh wdeoh vwduwv zlwk |p>2 * +�{p,32
dw udqn s @ 3 +q @ 5s.5,,1 Lw fdq eh revhuyhg
iru h{dpsoh wkdw diwhu rqo| wzr udqnv/ wkh pd{0
lpxp uhodwlyh huuru ri wkh vlpsoh dojheudlf ds0
sur{lpdwlrq |p>2 * +�{p,32.+�{p,3e. e

�+�{p,3S
lv 4=<8{433e dqg lw rffxuv iru p @ 41 Wkh uho0
dwlyh huuru lv ohvv wkdq ;=<4{433S iru wkh rwkhu
ydoxhv ri p1

Wdeoh 61 Vxffhvvlyh ydoxhv iru |2�/ |22/ |2�
s |54 |55 |563 3=37836496:4: 3=3495446;<6; 3=33;5:444:365
4 3=37:38<7;885 3=3497:74<;86 3=33;66<85;73<
5 3=37:4;4574<9 3=3497:<;:<53 3=33;6735;5;93
6 3=37:4;<:7377 3=3497;3354<7 3=33;6735<5866
7 3=37:4<36<454 3=3497;3358;: 3=33;6735<599<
4 3=37:4<377<56 3=3497;3358<< 3=33;6735<59:4

LLL1 H[WUHPD RI +vlq2 {,@{
LLL141 Htxdwlrq
Lw lv fohdu wkdw wkh }hurv ri wkh ixqfwlrq |

duh dw 	n� +n @ 3> 4> 5> ===,1 Exw wkh h{wuhpd
duh qrw dw �{p @ 	+5p. 4,�@5 +p @ 4> 5> ===,1
Wkhlu orfdwlrqv {p duh wkh vroxwlrqv ri

wdq{ @ 5{ +45,
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Rqfh wkh {p rewdlqhg/ wkh h{wuhpd dpsolwxghv
|p fdq eh ghgxfhg iurp

|p @ 7{p
4 . 7{2p +46,

Lq vrph dssolfdwlrqv/ dffxudwh ghwhuplqdwlrq
ri wkh h{wuhpd orfdwlrqv dqg dpsolwxghv pd|
eh qhhghg/ dv iru wkh vlq{@{ ixqfwlrq ^8`1 Lq
^9`/ phwkrgv zhuh suhvhqwhg iru wkh frpsxwd0
wlrq ri erwk wkh orfdwlrqv dqg wkh dpsolwxghv
ri wkh vlq{@{ ixqfwlrq*v h{wuhpd1 Hvshfldoo|/
vhulhv h{sdqvlrqv zhuh lqwurgxfhg wr h{suhvv
wkh h{wuhpd orfdwlrqv dqg dpsolwxghv/ dv zhoo
dv vlpsoh dojheudlf dssur{lpdwlrqv/ doorzlqj wr
uhdfk dq h{fhoohqw dffxudf|1 Lq wklv sdshu/ zh
h{sorlw vlplodu lghdv wr rewdlq dqdorj uhvxowv
iru wkh ixqfwlrq +vlq2 {,@{1 Zh vkrz krz wr
frpsxwh wkh frh!flhqwv ri wkh {p dqg |p vh0
ulhv h{sdqvlrqv dqg jlyh dssur{lpdwh dojheudlf
h{suhvvlrqv iru {p dqg |p1
Dv wkh ixqfwlrq | lv v|pphwulf wrzdugv wkh

ruljlq/ zh zloo frqvlghu { � 3 lq wkh iroorzlqj1
LLL151 Orfdwlrqv ri wkh h{wuhpd
LLL15141 Vhulhv h{sdqvlrq
Ohw xv ghqrwh hp @ �{p � {p wkh gl�hu0

hqfh ehwzhhq hdfk h{dfw h{wuhpxp orfdwlrq {p
dqg lwv qhduhvw rgg pxowlsoh ri �@5/ l1h1 �{p1
Wkhq ohw xv zulwh hp xqghu wkh irup ri d vh0
ulhv h{sdqvlrq lq vxffhvvlyh srzhuv ri +�{p,3�=
hp @ Sn"

q'f hqp+�{p,3q1 Wkhuhiurp wkh h{0
sdqvlrq frh!flhqwv ri wkh h{wuhpd orfdwlrqv
{p @ Sn"

q'3� {qp+�{p,3q fdq eh lpphgldwho|
ghgxfhg = {3�p @ �{p/ {qp @ �hqp +q � 3,1
Zh vkrz qrz wkdw xvlqj edvlf }0Wudqvirup

whfkqltxhv doorzv wr ghulyh wkh frh!flhqwv ri
wkh h{sdqvlrqv1 Fkdqjlqj �{p lqwr }p iru wklv
sxusrvh dqg ohdylqj rxw wkh lqgh{ p iru wkh
frh!flhqwv duh lqghshqghqw ri p/ htq 45 wdnhv
wkh irup

wdq h @ 4
5+} � h, +47,

Fdofxodwlqj wkh �uvw ghulydwlyh ri h ohdgv wr
�4� 7+} � h,2� ghg} @ 5 +48,

Lqwhusuhwlqj htq 48 e| xvlqj edvlf }0
Wudqvirup surshuwlhv doorzv wkh vwudljkwiru0
zdug frpsxwdwlrq ri wkh h{sdqvlrq frh!flhqwv
ri h wkurxjk wkh iroorzlqj uhodwlrq +zkhuh q lq

hq ghqrwhv dq xsshu lqgh{,

hq @ q� 5
7q hq32 . 5

q
Sq3�

m'f mhmhq3�3m ==
==� 4

q
Sq32

m'f

kSm
n'f hnhm3n

l
+q� 5� m,hq323m

+49,
li q rgg +q � 6, zlwk h� @ 4@5/ dqg hq @ 3/ li
q hyhq1 Wkhuhiruh wkh h{sdqvlrq ri {p ehjlqv
dv iroorzv

{p @ �{p � �
2+�{p,3� � D

2e+�{p,3�====� H�
eHf+�{p,3D � 2ef.

��eef+�{p,3. � === +4:,

LLL15151 Dojheudlf dssur{lpdwlrq
E| olplwlqj wklv h{sdqvlrq/ vlpsoh forvhg0

irup dssur{lpdwlrqv duh rewdlqhg iru {p1 Wd0
eoh 7 vkrzv wkh ydoxhv rewdlqhg iru {f/ {�/ {2
xvlqj wkh vxffhvvlyh whupv ri wkh vhulhv h{sdq0
vlrq> wkh wdeoh vwduwv zlwk {p * �{p dw udqn
s @ 3 +q @ 5s � 4,1 Lw fdq eh revhuyhg iru
h{dpsoh wkdw diwhu rqo| wzr udqnv/ wkh uhodwlyh
huuru ri wkh yhu| vlpsoh dojheudlf dssur{lpd0
wlrq {p * �{p � �

2+�{p,3� � D
2e+�{p,3� lv ohvv

wkdq 5=;8{4332/ 4=:3{433D dqg :=89{433./ iru
p @ 3> 4 dqg 5 uhvshfwlyho|1 Rq wkh rwkhu
kdqg/ d uhodwlyh huuru ri ohvv wkdq 433S lv re0
wdlqhg diwhu 54/ 6 dqg 5 udqnv/ iru p @ 3> 4
dqg 5 uhvshfwlyho|1 Vr/ dsduw wkh fdvh p @ 3/
wkh frqyhujhqfh lv yhu| idvw1 Wkh uhodwlyho| orz
frqyhujhqfh ri wkh vhulhv h{sdqvlrq irup @ 3 lv
pdlqo| gxh wr wkh idfw wkdw h{f @ �@5 suhvhqwv
d ydoxh qrw pxfk kljkhu wkdq 4/ xqolnh h{p iru
p A 31 Lw fdq eh revhuyhg wkdw yhu| vlpsoh
dojheudlf dssur{lpdwlrqv r�hu dffxudwh uhvxowv
iru {p/ h{fhsw wr vrph h{whqg iru p @ 31

Wdeoh 71 Vxffhvvlyh ydoxhv iru {f/ {�/ {2
s {3 {4 {5
3 4=8:3:<965: 7=:456;;<;3 :=;86<;4967
4 4=5857;9774 7=9395;89;8 :=:<364<98:
5 4=4<;:66;;6 7=9375<7;83 :=:;<;;<969
6 4=4;398558; 7=937553773 :=:;<;;6;83
7 4=4:639565< 7=937549<9< :=:;<;;6:86
4 4=4988944;8 7=937549::: :=:;<;;6:84

LLL161 Dpsolwxghv ri wkh h{wuhpd
LLL16141 Vhulhv h{sdqvlrq
Xvlqj wkh vdph dssurdfk/ wkh h{wuhpd wkhp0

vhoyhv fdq eh gluhfwo| fdofxodwhg1 Iurp htq
45/ wkhlu dpsolwxghv duh |p @ 7{p@+4 . 7{2p,1
Dvvxplqj wkdw |p fdq eh h{sdqghg xqghu wkh



FHPD*3: Frqihuhqfh/ Vr�d

irup |p @ Sn"
q'f |qp+�{p,3q/ dqg fkdqjlqj �{p

lqwr }p/ htqv 47 dqg 48 ohdg wr wkh vlpsoh iro0
orzlqj htxdwlrq +p lv rplwwhg dv deryh,

+4� gh
g} ,| . 5+} � h,ghg} @ 3 +4;,

Lqwhusuhwlqj htq 4; e| xvlqj edvlf }0Wudqvirup
surshuwlhv doorzv khuh wkh vwudljkwiruzdug frp0
sxwdwlrq ri wkh h{sdqvlrq frh!flhqwv ri |p
wkurxjk wkh iroorzlqj uhodwlrq +zkhuh q lq |q
ru hq ghqrwhv dq xsshu lqgh{,

|q @ 5qhq �[q3�
m'f

+q� 4� m,hq3�3m+|m .5hm,
+4<,

li q rgg zlwk |�p @ 4/ dqg |qp @ 3/ li q hyhq1
Wkhuhiruh wkh h{sdqvlrq ri |p ehjlqv dv iroorzv

|p @ +�{p,3� . �
e+�{p,3� . .

eH+�{p,3D==
==. �.

�2f+�{p,3. . H.2�
HfSef+�{p,3b . === +53,

LLL16151 Dojheudlf dssur{lpdwlrq
E| olplwlqj wklv h{sdqvlrq/ vlpsoh forvhg0

irup dssur{lpdwlrqv duh rewdlqhg iru |p1 Wd0
eoh 8 vkrzv wkh ydoxhv rewdlqhg iru |f/ |�/ |2
xvlqj wkh vxffhvvlyh whupv ri wkh vhulhv h{sdq0
vlrq> wkh wdeoh vwduwv zlwk |p * +�{p,3� dw udqn
s @ 3 +q @ 5s. 4,1 Lw fdq eh revhuyhg iru h{0
dpsoh wkdw diwhu rqo| wzr udqnv/ wkh pd{lpxp
uhodwlyh huuru ri wkh vlpsoh dojheudlf dssur{l0
pdwlrq |p * +�{p,3� . �

e+�{p,3� . .
eH+�{p,3D lv

ohvv wkdq 4=47{4332/ 4=3<{433Ddqg 7=<<{433./
iru p @ 3> 4 dqg 5 uhvshfwlyho|1 Rq wkh rwkhu
kdqg/ d uhodwlyh huuru ri ohvv wkdq 433S lv re0
wdlqhg diwhu 4:/ 6 dqg 5 udqnv/ iru p @ 3> 4
dqg 5 uhvshfwlyho|1 Vr/ dsduw wkh fdvh p @ 3/
wkh frqyhujhqfh lv yhu| idvw1 Wkh uhodwlyho| orz
frqyhujhqfh ri wkh vhulhv h{sdqvlrq irup @ 3 lv
pdlqo| gxh wr wkh idfw wkdw h{f @ �@5 suhvhqwv
d ydoxh qrw pxfk kljkhu wkdq 4/ xqolnh h{p iru
p A 31 Lw fdq eh revhuyhg wkdw yhu| vlpsoh
dojheudlf dssur{lpdwlrqv r�hu dffxudwh uhvxowv
iru |p/ h{fhsw wr vrph h{whqg iru p @ 31

Wdeoh 81 Vxffhvvlyh ydoxhv iru |f/ |�/ |2
s |3 |4 |5
3 3=96994<::57 3=5455398<3; 3=45:656<878
4 3=:34455;745 3=5478<88<66 3=45:;6<<:<3
5 3=:496:5737< 3=54798;67;: 3=45:;77;8;<
6 3=:545:58<47 3=5479938;<6 3=45:;77<549
7 3=:56463884; 3=5479939;6: 3=45:;77<559
4 3=:57944686; 3=5479939;;7 3=45:;77<559

LY1 FRQFOXVLRQ
Phwkrgv iru wkh frpsxwdwlrq ri wkh h{wuhpd

ri wkh ixqfwlrq +vlq{@{,u dqg wkh ixqfwlrqq
+vlq2 {,@{ kdyh ehhq suhvhqwhg1 Lq erwk fdvhv/
wkh h{wuhpd orfdwlrqv dqg dpsolwxghv duh h{0
suhvvhg xqghu wkh irup ri vhulhv h{sdqvlrqv1 E|
h{sorlwlqj ]0wudqvirup whfkqltxhv/ lw lv vkrzq
wkdw wkh h{sdqvlrqv frh!flhqwv fdq eh re0
wdlqhg wkurxjk vwudljkwiruzdug uhfxuvlyh uhod0
wlrqv zklfk fdq eh hdvlo| lpsohphqwhg rq d
frpsxwhu ru d GVS1 Yhu| vlpsoh dojheudlf h{0
suhvvlrqv duh ghulyhg zklfk jlyh dffxudwh ydoxhv
ri wkh h{wuhpd orfdwlrqv dqg dpsolwxghv/ xvlqj
rqo| d yhu| ihz frh!flhqwv 0 h{fhsw/ dv idu dv
+vlq2 {,@{ lv frqfhuqhg/ lq wkh fdvh ri wkh �uvw
h{wuhpxp1
Iru +vlq{@{,u dv zhoo dv iru +vlq2 {,@{/ erwk

phwkrgv +uhfxuvlyh uhodwlrqv dqg dojheudlf h{0
suhvvlrqv, fdq eh xvhixo iru ydulrxv dssolfdwlrqv
lq gl�huhqw grpdlqv vxfk dv vljqdo surfhvvlqj
dqg frppxqlfdwlrqv/ exw dovr lq rwkhu �hogv ri
sk|vlfv ru hqjlqhhulqj1
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