Application of Z-Transform for calculating
locations and amplitudes of extrema:
the case of sinc and related functions
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Abstract. FEzpressions of the form sincz,
(sinz/x)" or (sinz)/x may occur in engineer-
ing problems, for instance in signal processing
or communications. Using Z-Transform tech-
niques, it can be shown that the locations and
amplitudes of the extrema of the sinc function,
when expressed under the form of series expan-
sions, can be calculated very fastly through a
straightforward recursion formula. Moreover,
very simple accurate algebraic expressions can
be derived for evaluating these locations and
amplitudes.
sion formulae and algebraic expressions can
be obtained for the locations and amplitudes
of the extrema of (sinz/x)", and of those of
(sin?z)/x as well.

Using a similar approach, recur-

I. INTRODUCTION

The sinz/z function (Fig. 1la) plays a key
role in the fields of signal processing and com-
munications [1, 2], so its properties have been
extensively studied. Its Fourier transform, the
rectangular function, is also widely used. On
the other hand, the convolution operator and
its counterpart regarding the Fourier Trans-
form, the product operator, are of great impor-
tance. This paper presents the computation of
the extrema of the function (sinx/z)", where
r is a positive integer. This function can be
viewed as the result of the Fourier transform
of a product of r identical rectangular pulses.
A useful case is that of the function (sinx/x)?
(Fig. 1b) which represents the Fourier trans-
form of a triangular function.
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Fig. la. sinz/x

For example, a window is frequently used in
the time domain to limit the duration of a sig-
nal before calculating its Discrete Fourier Tran-
form. Many kinds of windows can be consid-
ered. Generally, the window is chosen with

a smooth return to zero at its ends, in order
to avoid discontinuity between two successive
replicas of the periodized signal. This leads
to enhanced properties of its Discrete Fourier
Transform. The well known rectangular win-
dow does not satisfy this criterion, but its
multiple convolutions do. The smoothness at
the ends of the so-called polynomial windows
[3] increases with the number of convolutions.
So the frequential properties of a polynomial
window, which corresponds to the convolution
of r rectangular windows of duration 7', are
given by its Fourier Transform proportional to
(sinz/x)", with x = aTf. In particular, the
triangular window and the parabolic window
are relative to r = 2 and r = 3, respectively.
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Fig. 1b. (sinz/z)?

The (sinz/z)" function may appear in other
applications, for instance when studying ran-
dom processes [4]. In the case of a simple
random binary wave, with pulses of amplitude
+A and —A and duration T, the autocorre-
lation function has a triangular waveform and
the expression of the power spectral density ,
is A’T(sinz/z)", with z = nT'f.

In this paper, it will also be presented the
computation of the extrema of the function y =
(sin? z)/x, which can also be written y = sinx
(sinz/z) (Fig. 2). Such an expression may
be encountered in signal processing or commu-
nications problems, and also in other fields of
physics or engineering.

0.7}
0.6}
0.5}
0.4}
0.3}

3

Fig. 2. y = (sin’z)/x
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For example, if we consider the signal
A(MI((t—0/2)/0)+ T1((t+60/2)/0)) (with T1(t) =
1if |t| < 1/2 and 0 if |[t| > 1/2), i.e. the sum
of two rectangular pulses symmetrical towards
the origin (or the convolution of a rectangular
pulse AII(t/0) by two Dirac impulses §(t —0/2)
and 0(t+0/2) symmetrical towards the origin),
its Fourier transform is expressed as follows :

2§ Afsin®(m f0) /(7 f6).

II. EXTREMA OF (sinx/x)"

11.1. FEquation

It is clear that the zeros of the function
(sinz/x)" are at £km (k = 1,2,...) and the
global maximum, which equals 1, is at x = 0.
The minima of (sinz/z)" for an even r are
at £kr (k = 1,2,...) and equal 0. But the
local extrema (sinz/x)" for any r are not at
T =E(2m+1)7/2 (m =1,2,...). Their loca-
tions x,, are, for all r, the solutions of

(1)

Once the z,, obtained, the extrema amplitudes
Ym,r can be deduced from

r =tanx

(2)

'
Ym,r = COS' Tpp

OF Y = (—1)™ (14 a2,) 2.

In some applications, accurate determination
of the extrema is needed [5]. In [5], a closed-
form approximation and a recursion formula
were proposed to determine the locations of
the local extrema, with a good accuracy. In a
more recent paper [6], methods were presented
and used for the computation of both the lo-
cations and the amplitudes of the sinz/x func-
tion’s extrema. Especially, series expansions
were introduced to express the extrema loca-
tions and amplitudes, as well as simple alge-
braic approximations, allowing to reach an ex-
cellent accuracy. These results were extended
to the function (sinz/x)" in [7]. In particular,
it was shown how to compute the coefficients
of the ¥, , series expansions and give approxi-
mate algebraic expressions for y, ..

I1.2. Locations of the extrema
I11.2.1. Series expansion

Let us denote e,, = I, — x,, the differ-
ence between each exact extremum location z,,

and its nearest odd multiple of 7/2, i.e. Zp,.
Then let us write e, under the form of a se-
ries expansion in successive powers of (Z,) 1:
em = Y o0 (#,)™™.  Therefrom the ex-
pansion coefficients of the extrema locations

Ty = S0 2" (#,)”" can be immediately
deduced : z;,! = &, 27, = —el (n > 0).

We show now that using basic z-Transform
techniques allows to derive the coefficients of
the expansions. Changing Z,, into z,, for this
purpose and leaving out the index m for the
coeflicients are independent of m, eqn 1 takes
the form

(3)

tane =
zZ—e€

The first derivative can be expressed as

de 1
&= T Gep @

A second derivation leads to

d%e de o de
(z =)o —2()" + 2 (5)

If F(z) and G(z) denote the z-transforms of
fn anf g, respectively (f, — F(z) and G(z) —
gn), note the following inverse z-transforms :
2 VF(2) « fo_1, —z%ﬁz) —nfp, F(2)G(z) —
>0 fign—j = 250 fn—i9;-

Interpreting eqn 5 by wusing basic z-
Transform properties allows the straightfor-
ward computation of the expansion coefficients
of e through the following relation (where n in

e™ denotes an upper index)

=0

" 1

n(n —1)
TR aad(2n—j — 1)eleniTL,
n >3, n odd

e

(6)

e"=0,n2>0,n even

with e! = 1. Therefore the expansion of z,
begins as follows

11.2.2. Algebraic approrimation

By limiting this expansion, simple closed-
form approximations are obtained for z,,. Ta-
ble 1 shows the values obtained for x1, xo, =3
using the successive terms of the series expan-
sion (the table starts with x,, ~ Z,, at rank
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p=20(n=2p—1)). It can be observed for
example that after only two ranks, the maxi-
mum relative error of the very simple algebraic
approximation x,, ~ T, — (T,) ! — %(a":m)_3
is 8.96x10° and it occurs for m = 1. The rel-
ative error is less than 3.86x107° for the other
values of m. This very simple formula gives

results comparable to those of eqn 1 in [5].

Table 1. Successive values for x1, xs2, 3

T
4.712388980

T2
7.853981634

z3
10.99557429

4.500182390

7.726657680

10.90462861

4.493811716

7.725281614

10.90412712

4.493438770

7.725252614

10.90412173

4.493411825

7.725251859

10.90412166

R || oo | ol

4.493409458

7.725251837

10.90412166

By limiting this expansion, simple closed-
form approximations are obtained for yp, ;.

Table 2 shows the wvalues obtained for
y}, y%, yé using the successive terms
of the series expansion (the table starts

with ym1 =~ (=1)"(&,)"? at rank
p = 0 (n = 2p+1). It can be ob-
served for example that after only two

ranks, the maximum relative error of the

simple algebraic approximation ym1
(=)™ [(Em) "+ 5(Zm) 7 + 53 (Em) ] is
7.34x10~° and it occurs for m = 1. The

relative error is less than 3.31x10~% for the
other values of m.

Table 2. Successive values for yi, y3, yi

11.53. Amplitudes of the extrema
11.5.1. Series expansion

Using the same approach as for the lo-
cations, the extrema themselves can be di-
rectly calculated. From eqn 1, their ampli-
tudes are Ym, = (—1)""sin" e,,. Assuming
that ym, can be expanded under the form
Y = (—1)™ Y25y ()", and chang:
ing Z, into z,, eqns 3 and 4 lead to the simple
following equation (m is omitted as above)

d‘yr‘
—(z—e) P

(8)
Interpreting eqn 8 by using basic z-Transform
properties allows here the straightforward
computation of the expansion coefficients of
(—=1)™ Y, through the following relation
(where n in y' or ™ denotes an upper index)

:T|yr|

1 , .
n o _ n—1 . n—j—1
Yme = 0 2= J€TTY,
n>r, (n—r)even

=0,n>0,(n<r, (n—r)odd)

9)
Y.

with y;, . = 1. Therefore the expansion of Y, ,
begins as follows, for » = 1 and r = 2 as exam-
ples

= (=1 (7. )1+ L1z )3
R S AR LD
Ym2 = (im)72 +~(-%m)74 + .. (11>

E(@m) T+ 3L (@) B+

II1.3.2. Algebraic approximation

p yi Ya Y3

0 | —0.2122065908 | 0.1273239545 | —0.09094568177
1 | —0.2169845959 | 0.1283560036 | —0.09132179296
9 | —0.2172176874 | 0.1283741288 | —0.09132516305
3| —0.2172324632 | 0.1283745424 | —0.09132520229
4 | —0.2172335359 | 0.1283745532 | —0.09132520282
0o | —0.2172336282 | 0.1283745535 | —0.09132520282

Table 3 shows the values obtained for y2, y3,
y2 using the successive terms of the series ex-
pansion (the table starts with ym o >~ (Z,) 7>
at rank p = 0 (n = 2p+2)). It can be observed
for example that after only two ranks, the max-
imum relative error of the simple algebraic ap-
proximation ym 2 = (&m) 2+ (&m) 143 () °
is 1.95x10™* and it occurs for m = 1. The rel-
ative error is less than 8.91x1076 for the other
values of m.

Table 3. Successive values for y?, y3, y3

yi Y Y3

0.04503163717

0.01621138938

0.008271117032

0.04705948552

0.01647419853

0.008339528409

0.04718124196

0.01647987920

0.008340282860

0.04718974044

0.01648002194

0.008340292533

0.04719039121

0.01648002587

0.008340292669

R || ofro| =l

0.04719044923

0.01648002599

0.008340292671

III. EXTREMA OF (sin? z)/z

1I1.1. Equation

It is clear that the zeros of the function y

are at £km (k =

0,1,2,...).

But the extrema

are not at &, = £(2m+ 1)7/2 (m = 1,2,...).
Their locations x,, are the solutions of

tanx = 2z

(12)
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Once the z,, obtained, the extrema amplitudes
Ym can be deduced from

4.,

T 1+ 422, (13)

Ym

In some applications, accurate determination
of the extrema locations and amplitudes may
be needed, as for the sinz/z function [5]. In
[6], methods were presented for the computa-
tion of both the locations and the amplitudes
of the sinx/x function’s extrema. Especially,
series expansions were introduced to express
the extrema locations and amplitudes, as well
as simple algebraic approximations, allowing to
reach an excellent accuracy. In this paper, we
exploit similar ideas to obtain analog results
for the function (sin?x)/z. We show how to
compute the coefficients of the x,, and y,, se-
ries expansions and give approximate algebraic
expressions for x,, and yp,.

As the function y is symmetric towards the
origin, we will consider > 0 in the following.

II1.2. Locations of the extrema
II1.2.1. Series expansion

Let us denote e,, = %, — x,, the differ-
ence between each exact extremum location .,
and its nearest odd multiple of 7/2, i.e. Zp,.
Then let us write e,, under the form of a se-
ries expansion in successive powers of (Z,)7!:
em = Y40 e (#,)™™  Therefrom the ex-
pansion coefficients of the extrema locations
T = S0 2" (#,)”" can be immediately
deduced : z,,! = &y, 27, = —€?, (n > 0).

We show now that using basic z-Transform
techniques allows to derive the coefficients of
the expansions. Changing %, into z,, for this
purpose and leaving out the index m for the
coefficients are independent of m, eqn 12 takes

the form

tane = (14)

2(z—e)
Calculating the first derivative of e leads to

de
1—4(z—e)?] — =2 15
[1-4( )] - (15)
Interpreting eqn 15 by wusing basic z-
Transform properties allows the straightfor-
ward computation of the expansion coefficients
of e through the following relation (where n in

e™ denotes an upper index)

-2 2 . .
en = n4n en? 4 - E}:& jeden—1=i
S8 [Chooeter ] (n -2 et
(16)
if n odd (n > 3) with e! =1/2, and " = 0, if
n even. Therefore the expansion of x,, begins
as follows

1
n

2
o B (E) D — B (Em) T —
I11.2.2. Algebraic approximation

By limiting this expansion, simple closed-
form approximations are obtained for z,,. Ta-
ble 4 shows the values obtained for xq, x1, T2
using the successive terms of the series expan-
sion; the table starts with z,, ~ Z,, at rank
p =0 (n=2p—1). It can be observed for
example that after only two ranks, the relative
error of the very simple algebraic approxima-
tion @y o Tp — 5(Fm) L — 2 (Tm) P is less
than 2.85x1072, 1.70x10™° and 7.56x1077, for
m = 0, 1 and 2 respectively. On the other
hand, a relative error of less than 1076 is ob-
tained after 21, 3 and 2 ranks, for m = 0, 1
and 2 respectively. So, apart the case m = 0,
the convergence is very fast. The relatively low
convergence of the series expansion for m = 0 is
mainly due to the fact that g = 7/2 presents
a value not much higher than 1, unlike Z,, for
m > 0. It can be observed that very simple
algebraic approximations offer accurate results
for a,, except to some extend for m = 0.

Table 4. Successive values for xg, x1, T2

p To 91 4]

0 | 1.570796327 | 4.712388980 | 7.853981634
1 | 1.252486441 | 4.606285685 | 7.790319657
2 | 1.198733883 | 4.604294850 | 7.789889636
3 | 1.180652258 | 4.604220440 | 7.789883850
4 | 1.173062329 | 4.604216969 | 7.789883753
oo | 1.165561185 | 4.604216777 | 7.789883751

1I1.3. Amplitudes of the extrema
111.3.1. Series expansion

Using the same approach, the extrema them-
selves can be directly calculated. From eqn
12, their amplitudes are y,, = 4x,,/(1 + 422,).
Assuming that y,,, can be expanded under the
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form gy, = >0y (Z,,) ", and changing Z,

into zp,, eqns 14 and 15 lead to the simple fol-
lowing equation (m is omitted as above)

(1—@)3/-‘!-2(2—6)@:0

1
dz dz (18)

Interpreting eqn 18 by using basic z-Transform
properties allows here the straightforward com-
putation of the expansion coefficients of y,,
through the following relation (where n in y"
or e” denotes an upper index)

no__ n__ n—1 I TN (B S o | J
y" = 2ne ijo (n—1—j)e (y’ +2¢7)
(19)

if n odd with y!, = 1, and y? = 0, if n even.
Therefore the expansion of y,, begins as follows
Ym = (jm)_l + i(:‘i"m,)_3 + 4_78 T
-+ 555 (Fm) " + g0 (Fm)
II11.3.2. Algebraic approximation

By limiting this expansion, simple closed-
form approximations are obtained for y,,. Ta-
ble 5 shows the values obtained for o, y1, y2
using the successive terms of the series expan-
sion; the table starts with y, ~ (#,,) ! at rank
p=0(n=2p+1). It can be observed for ex-
ample that after only two ranks, the maximum
relative error of the simple algebraic approxi-
mation ym = (Zp) 1+ 3(Em) > + 45 (EFm) s
less than 1.14x1072, 1.09x10~%and 4.99x1077,
for m = 0, 1 and 2 respectively. On the other
hand, a relative error of less than 107% is ob-
tained after 17, 3 and 2 ranks, for m = 0, 1
and 2 respectively. So, apart the case m = 0,
the convergence is very fast. The relatively low
convergence of the series expansion for m = 0 is
mainly due to the fact that g = 7/2 presents
a value not much higher than 1, unlike Z,, for
m > 0. It can be observed that very simple
algebraic approximations offer accurate results
for ym, except to some extend for m = 0.

Table 5. Successive values for yo, Y1, y2

Yo

Y1

Y2

0.6366197724

0.2122065908

0.1273239545

0.7011228412

0.2145955933

0.1278399790

0.7163724049

0.2146583487

0.1278448589

0.7212725914

0.2146605893

0.1278449216

0.7231305518

0.2146606837

0.1278449226

R || o o) = | o

0.7246113538

0.2146606884

0.1278449226

IV. CONCLUSION

Methods for the computation of the extrema
of the function (sinz/z)" and the functionn
(sin?z)/x have been presented. In both cases,
the extrema locations and amplitudes are ex-
pressed under the form of series expansions. By
exploiting Z-transform techniques, it is shown
that the expansions coefficients can be ob-
tained through straightforward recursive rela-
tions which can be easily implemented on a
computer or a DSP. Very simple algebraic ex-
pressions are derived which give accurate values
of the extrema locations and amplitudes, using
only a very few coefficients - except, as far as
(sin?z)/x is concerned, in the case of the first
extremum.

For (sinz/x)" as well as for (sin®z)/x, both
methods (recursive relations and algebraic ex-
pressions) can be useful for various applications
in different domains such as signal processing
and communications, but also in other fields of
physics or engineering.
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