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Abstract

The diffusive and infiltrative nature of glioma brain tumours and in particular glioblastoma constitutes a major barrier to their effective
treatment. The present paper focuses on the numerical handling of a pertinent Neumann boundary value problem in the three-
dimensional space acting as a tri-scale reaction — diffusion model of primary glioma growth and invasion into the surrounding normal
brain. A complex anatomical and geometrical domain bounded by the skull is considered. The model takes into account the highly
inhomogeneous nature of human brain. The generic finite difference — time domain (FDTD) method and more specifically the Crank
— Nicolson technique in conjunction with the biconjugate gradient system solver have been utilized for the numerical solution of the
problem. The model has been partly validated through comparing its predictions with real values of clinically pertinent macroscopic
tumour characteristics. Numerical results are presented. They illustrate the potential of the model to support the clinician in designing
the optimal individualized treatment scheme and/or schedule by using the patient’s personal multiscale data and by experimenting in

silico (=on the computer).

1. INTRODUCTION

Malignant gliomas, in general, and astrocytomas, in
particular, account for approximately 50% of pri-
mary central nervous system (CNS) tumours in
adults [1]. The median survival for glioblastoma
multiforme (GBM) is 10-12 months. Because of the
infiltrative nature of malignant gliomas [1,2], even a
gross total resection is associated with tumour re-
currence. In order to partly alleviate the correspond-
ing complex treatment problem, cancer mathemati-
cal modelling [3] of diffusive tumour growth has
been proposed and a number of models have been
developed [2, 4].

The practical goal of this work, which can be viewed
as a synthesis and an important extension of previ-
ous efforts [4], is to develop a “bottom-up” tri-scale
diffusion-reaction based mathematical model of
glioma growth and invasion that would serve as the
core of the “Continuous Mathematics Based GBM
Oncosimulator.” [3].

For a biologically meaningful and computationally
reliable diffusion-reaction based solution to the
problem, consideration of the actual physical boun-
dary of the cranium is important. An improper han-

dling of the boundary conditions may lead to an
unnatural behaviour of the simulated system and
artificial loss of tumour cells. The model focuses
primarily on the detailed numerical handling of the
adiabatic Neumann boundary conditions imposed
by the presence of the skull, considering the spatio-
temporal characteristics of glioblastoma invasion.

2. THE TRI-SCALE REACTION - DIFFUSION
MODEL

If Q is the brain domain, GBM tumour growth and
brain infiltration can be expressed by equation [5]:

2D =D Vo(&H]+p c(kD-GMCEY 2 (1)

where a%’_:t) denotes the rate of change of tumour

cell concentration ¢ at any spatial point X and time t,
D denotes the diffusion coefficient and represents
the active motility of tumour cells, p c(X,t) ex-
presses the net proliferation of tumour cells and
G(t)c(%, t) defines the loss of tumour cells due to
treatment and also indirectly involves insufficient
and inadequate angiogenesis.
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The model takes into account the highly inhomoge-
neous nature of human brain. Two different ap-
proaches have been developed: the homogeneous
and the inhomogeneous approach. In the inhomo-
genous approach, the structures of white matter,
grey matter, cerebrospinal fluid (CSF) are taken into
consideration and three values of the parameter D
are considered: Dy, Dy and Dcsr if (X) belongs to
grey matter, white matter and CSF respectively. In
the homogenous approach, where for simplification
homogeneous brain tissue is considered, D has the
same value all over the intracranial space.

Regarding the initial condition for the reaction—
diffusion system, it is assumed that the initial spatial
distribution of malignant cells is described by a
known function f(X).

In order to complete the model formulation, appro-
priate boundary conditions have to be added pre-
cluding migration beyond the skull boundary. Neu-
mann boundary conditions, which correspond to no
net flow of tumour cells out of or into the brain re-
gion across the brain-skull boundary, have been
imposed.

In order to numerically apply the Neumann bound-
ary condition, “fictitious nodes”, Fijx, have been
used [6]. Their number is equal to the number of the
adjacent nodes that belong to the cranium. An in-
dicative case of numerically applying the boundary
condition at the boundary point (xi, yj, z«) in the
negative z direction is the following:

dc
- = =0> Ci: = (2)
g k+1 Fiik=
0z (Xi.Y}21) ijk—1

An indicative equation at the boundary grid point (xi,
Y;» zk) where skull tissue is found only in the nega-
tive x and the negative y direction by applying the
Crank - Nicolson scheme is (3) for the homogene-
ous and (4) for the inhomogeneous approach re-
spectively.

At
[1461- - (p-G)]ci e -A(2CH 1+ 26 ekt Cl e +ijk)=

At
[1-6A+— (p'G)]Cit,j,k+}‘(2Cit+1,j,k+Zcit,j+1,k+cit,j,k+1 +Cit,,-,k_1)(3)

At
t+1 t+1 t+1
[1+ 6hijp— (P'G)] Cijk ~ 2N Ciy i M ik
\ +)\i,j,k+1')\i,j,k-1 w1 () _)\i,j,k+1')\i,j,k-1 41
ijk 4 Cijk+1™| Aijk %4 Cijk1™

At t t t
1-6A,+ > (P-G) [ Cijt 2N jCigrjit 2N kCij1 i

CEMA'16 conference, Athens, Greece
Ajicr1h e Ajer1A 1
+ ()‘i,j,k+ T]> Cijkrr+ <)‘i.j.k' — Cit,j,k-1(4)

where cit_]-’k is the finite difference approximation of
c at the grid point (xi v, z) at time t, At is the time
step size for the time discretization, h is the space
step size at each axis of the gridding scheme for
the space discretization, A = DAt / [2(h)?] and
Aijx = DijxAt/ [2(h)?].

The resulting system of equations may be written

equivalently in the form A% = b where X denotes
a vector that contains an approximation of the solu-
tion ¢ at the mesh nodes at time t. Due to the high
complexity of the biological system the BiConjugate
Gradient method (BiCG) has been applied [6].

3. MODEL SIMULATIONS

Three-dimensional simulations of untreated glioma
growth, assuming a complex anatomical and also
geometrical domain bounded by the skull, have
been performed. A three dimensional image of a
typical real human head has been considered. The
dataset used has been acquired from 3d Slicer
which is a freely available application for image
analysis and automatic segmentation of brain struc-
tures from MRI data. Two different scenarios have
been executed and mutually compared; the homo-
geneous and the inhomogeneous scenarios. In the
first case homogeneous brain tissue is considered.
In the second case the structures of white matter,
grey matter, CSF and skull have been segmented.
Following the delineation of the skull boundary, a
fictitious growing virtual spherical glioblastoma tu-
mour of radius equal to 0.7 cm has been virtually
placed inside the cranial cavity. It should be noted
that glioblastoma diagnosis is possible when the
volume of an enhanced CT-detectable tumour has
reached a size equivalent to a sphere with an aver-
age 3 cm diameter [9)].

The typical values of the parameters that have been
used for the production of the results have been
carefully selected from pertinent literature so as to
best reflect aspects of glioblastoma dynamics. The
net tumour growth rate p, which represents the net
rate of tumour growth including tumour cell prolif-
eration, loss and death has been set equal to 0.012
d'[5]. For the inhomogeneous scenario the value
of the space dependent diffusion coefficient Dij,
has been calculated as the average value of the
growing diffusion coefficient and the migrating diffu-
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sion coefficient (Dg = 0.000102 cm?/d, Dy = 0.00051
cm?/d and Dcsr = 0.000001 cm2/d) [7].

The value of D for the homogeneous case has been
estimated as the weighted average value of the
diffusion coefficient for white matter, grey matter
and CSF (D=0.00038cm? /day). The concentration
of tumour cells within the initial tumour has been
arbitrarily assumed uniform and equal to 10°
cells/mm?3 [8]. Diffusion phenomena before the time
point corresponding to the start of the simulation
have been ignored. Regarding the parameters as-
sociated to the numerical methods used, the time
step At, the space step size h and the convergence
tolerance for the bi-conjugate gradient method have
been chosen equal to 0.5 d, 0.1 cm and 10 re-
spectively. The virtual tumour grows for 180 days
after the initialization time point. Figure 1 shows a
virtual tumor on the first and the 180th simulated
day for the inhomogeneous and homogeneous
scenario. Figure 2 depicts tumour cell density for
the inhomogeneous case. The simulated volume
appears to meet the expected clinical macroscopic
behaviour of glioblastoma. Moreover, the resulting
virtual tumours proved the adiabatic behaviour of
the skull without artificial cell loss in the skull-brain
barrier. It is noted that the threshold of tumour de-
tection has been set equal to 8000 tumour
cells/mms3 according to [5].
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Figure 1. Coronal slice and a three dimensional snaphot of a
virtual tumour for the inhomogeneous (second panel column)
and homogeneous (third panel column) case after 180
simulated days. In the upper panels, the colour intensity level
depends logarithmically on the tumour cell concentration.

The doubling time for gliomas, which is a classical
metric of glioma growth quantification, ranges from
1 week to 12 months covering the range of high to
low grade gliomas [9]. Predictions of the doubling
time for both cases lie within published ranges. The
typical value of 2 months is observed on the 33th
simulated day. Following an in silico theoretical
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exploration indicates that even by using a pertinent
homogeneous brain based model, a rough but
nonetheless informative estimate of the expected
tumour doubling time can be achieved.
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Figure 2. Tumour cell density along the x axis (the horizontal
axis of the coronal plane) passing through the centre of the
initial tumour for different simulated time points.

4. CONCLUSION

The major highlight of the paper is an explicit and
thorough tri-scale numerical handling of the Neu-
mann boundary value problem of GBM growth and
invasion into the surrounding normal brain tissue in
three dimensions. The heterogeneous nature of
human brain and the complexity of skull geometry
have been taken into consideration.

Comparison of the simulation predictions with clini-
cal observational data has supported the reliability
of the model. It has also illustrated the model’'s po-
tential to be used as a basis for an individualized
treatment planner through in silico experimentation
by exploiting the patient’'s multiscale data. The pre-
sented model could serve as the main component
of a continuous mathematics based GBM Onco-
simulator.

Moreover, the study has established a generic
methodology which could be translated into other
mathematically similar phenomena of physics, che-
mistry biology and other domains. Further model
development will also include explicit tumour re-
sponse to treatment and an extensive clinical adap-
tation and validation of the extended model.
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