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Abstract 

Low frequency and low intensities magnetic and electric fields are used in physiotherapy for a long time. But due to the fact that the 
action of these fields on living tissues is very complicated and at the moment insufficiently studied, nowadays there is no simple 
method to measure their curative effect. In practrice the natural way of investigations is the experimental one: to observe the state of 
a patient during curative sessions and collect statistical data. We propose to combine practical approach with the study of processes 
in external environment when low intensity magnetic fields act. With this purpose we calculate and visualize the trajectories of ions in 
electromagnetic field generated by a magnetotherapy device. Such an approach leads to obtaining a series of images that show 
trajectories depending of the choice of the parameters of the device. That results in visual representation of typical phase portraits 
generated by the applied mathematical model. Visual perception helps to compare the number of procedures, parameters of the 
used device and the changing of patient state, and thus to form an expert knowledge in this area. 

 
 
1. INTRODUCTION 

For better understanding of the problem of effects 
of low intensity magnetic field on living organism 
one may use mathematical and computer modeling. 
The most simple model is a distribution of intensi-
ties of magnetic field generated by a coil. This 
model is based on the superposition principle: in 
this case due to constant current value the induc-
tion and self-induction are supposed to be negligi-
ble quantities and the common magnetic field is the 
sum of the fields generated by the contours of a 
coil. For several coils the magnetic field is the sum 
over all the coils. What is important that we really 
perform calculation for non-uniform magnetic field, 
in other words for fields changing in the space. The 
case of different position of coils in 3D and visuali-
zation of the resulting field were considered in 
[1,3,4], where the results of calculation were applied 
to a special magnetotherapy device — “magneto-
bed” which is actively used in medical practice. 

The next step in the studying processes in an envi-
ronment when electromagnetic field acts is to con-
sider the model of the movement of charged parti-
cles (ions or cations) in this environment. In the first 
approximation we may use the model where an ion 
moves in accordance with the Newton second law, 
and the Lorentz force acts on it. The problem is to 
calculate and visualize the trajectories of different 
ions for given configuration of electric and magnetic 
fields.  

One may assume that the motion is in air environ-
ment. However practice shows that the action of 
magnetic field in mineral water improves the cura-
tive effect for patients with diabetes. To model the 
magnetic field distribution in mineral water we 
should use the magnetic permeability of this envi-
ronment in formulas for calculation of magnetic 
induction. But at the moment we do not know how 
the permeability depends on mineral water compo-
sition. So, to make the problem easier it was as-
sumed that the magnetic permeability of mineral 
water is approximately the same as of ordinary 
water, which is a natural assumption in the frame of 
given mathematical model. 

Thus, to model an ion motion we used the method 
of calculation of the magnetic field of a coil, which is 
described above. The field is calculated in the 
points of a space grid. We also approximated dif-
ferential equations of the ion movement by discrete 
ones by using a second order difference scheme. If 
a next point of trajectory is not in the grid of points 
for which values of magnetic field are calculated, a 
linear interpolation is performed to calculate the 
value of the field in the point. Various cases of con-
figuration of electrical and magnetic fields were 
modelled, in particular periodic effects of the fields. 
In this regime there are two cases — commensura-
ble and incommensurable frequencies. The most 
complex phase portraits were obtained for inc-
ommensurable ones. 
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It should be noted that the proposed difference 
scheme leads to the solving linear system by 
Cramer's method, which is simpler than numerical 
integration by the Runge-Kutta method. All calcula-
tions were compared with calculation in MATLAB 
package. The results are similar. All the experi-
ments were applied to a special device used in 
clinics. 

Such a method allows us to select a set of parame-
ters and obtain visualization of ion movement. For 
visualization we used ParaView package and MAT-
LAB. In fact, an imitation model has been designed 
that may be used for construction some medical 
devices and choice the most appropriate parame-
ters. The model includes performing the calcula-
tions, saving obtained data in files of a required 
format, call the ParaView to visualize magnetic field 
or combine visualization of the field and the ion 
trajectory.  

This approach may help to estimate the effective-
ness of the magnetotherapy by monitoring the pa-
tient state and comparing obtained data with the 
parameters of the device. Visualization makes this 
analysis more clear. Moreover, in doing so we 
model the processes in the external environment, 
where electromagnetic field acts, and this study 
contributes to a better comprehension of processes 
in internal environment – living tissue. This is prac-
tical and useful method.  

To develop this technique we have to consider 
more complex models which take into account the 
interaction between particles and the structure of 
the environment. There are a lot of problems includ-
ing physical and chemical hydrodynamics, electro-
chemistry, biophysics. The questions concerning 
the influence of geomagnetic and artificial magnetic 
fields on transfer processes in aqueous media such 
as electrolytes and biological objects are discussed 
in the monography [2]. Our future investigations  
suggest a more detailed study of this subject. 
 
2. MATHEMATICAL MODEL DESCRIPTION 

The detailed derivation of equations for the move-
ment of charged particle in electrical and magnetic 
fields is given in many textbooks, for example in [5]. 
We describe them briefly. Consider a charged parti-

cle with a charge � and mass �. Let �	�����	, �, �, 
� 
be the intensity of electrical field in the point �	, �, �� at the moment 
, and ����	, �, �, 
� be the 
magnetic field induction. The force acting the ion in 

electrical field is equal to ����, and the Lorentz force 
in magnetic field equals ��� × ���. Then writing the 
second law of Newton we obtain � ������ = ����� +�� × ����. Assuming that ��� is co-directed with Oz, 
and hence �� = �, �� = �� = 0,	we obtain the 
following system of equations 
 

��	� = ����	, �, �, 
� �� ! "#� $ + �% ��	, �, �, 
�&						��� = ����	, �, �, 
� �� ! �� $ −	%��	, �, �, 
��		�1���� = ���	, �, �, 
� "#� !.																																																		) 
 
The positions of vectors electric and magnetic fields 
are illustrated in Fig.1 
 

 
Figure 1. The disposition of vectors *��� and +	���� 

It is well known that system (1) is integrable if there 
is no electrical field and magnetic field is uniform 
and constant. Then the trajectory of an ion is screw 
line. But for non-integrable cases we have to apply 
approximate calculations. We use the second order 

difference system. Let [
,, -] be the time interval 
on which a trajectory is calculated, 
/ = 
, +�ℎ, � = 0,… , 	�
/� = 	/, ��
/� = �/, ��
/� =�/. Assume that 
 			� ≈ 	/34 − 2	/ + 	/64ℎ7 	, 

                   �� ≈ �/34 − 2�/ + �/64ℎ7 	,												�2� 
                		�� ≈ �/34 − 2�/ + �/64ℎ7 	, 

and 	% ≈ 	/34 − 	/642ℎ 	, 
(3) �% ≈ �/34 − �/642ℎ , �% ≈ �/34 − �/642ℎ  

 

Substituting (2) and (3) in (1) we obtain the second 
order system of difference equations 
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8	/34 − 9/�/34 = 2	/ − 	/64 − 9/�/64 + :/ �� ! "#� $9/	/34 + �/34 = 2�/ − �/64 + 9/	/64 + :/ �� ! �� $	�/34 = 2�/ − �/64 + :/ "#� !,																																				�4�			 ) 
where 9/ = <=7>��	/, �/ , �/� if current is constant, 
and 9/ = <=7>� cosB
/  in the case of variable 
current with frequency B. By analogy :/ =<=C> ��	/, �/ , �/�	, if electrical field depends on the 
point, and :/ = <=C> � cosB
/ 	 for periodic field. 
The system (4) is linear, coordinates of � are found 
independently from 	 and �, and on every step 	/34, �/34 may be calculated by Cramer method, 
because ∆	= 1 + 9/7 ≠ 0. 
 
3. EXPERIMENTS AND RESULTS  

We applied the implemented program to model ion 
trajectories both for arbitrary value of parameters 
and in a special magnetotherapy device. The de-
vice has two coils which are active simultaneously. 
One may add electric field. Magnetic and electrical 
fields may be periodic with commensurable and 
incommensurable frequences. 
 
3.1. Results for the device  

Device parameters are the following: coils have 
external radius 58 mm, height 34 mm; current in-

tensity is 3А, the number of turns is 20, the number 
of windings is 25. The size of the region (in mm) is 
600x300x500, the size of a cell of the lattice (in 
mm), where magnetic field is calculated is 4x4x4, 

the step on time h (in sec) is 106H. 
The beginning of the first coil has coordinates (0, 
150, 250), the axis direction is (1, 0, 0).  The begin-
ning of the second coil has coordinates (600, 150, 
250), the axis direction is (-1, 0, 0). 

 
Figure 2. Magnetotherapy device 

The experiments were  performed for various types 
of ions and combination of magnetic and electrical 
fields. 

3.1.1. Natrium ion in magnetic field  

Natrium ion has mass m=3.817∗ 1067JK,	 charge 
q=1 . We take � = 106J-.  Calculate the ion tra-
jectory with initial data �	,, �,, �,� = �100,150,250�,  �	4, �4, �4� = �100,150,250.01�	 
when only magnetic field generated by 2 coils acts. 

Calculation was performed for 200000 points. 
 

 
Figure 3. The trajectory of natrium ion in magnetic field 

3.1.2. Natrium ion trajectory when magnetic  
          and electrical fields act  

Modify the previous example and add electrical 

field. Assume that vector ��� has coordinates (0.1, 0, 
0) and  �	,, �,, �,� = �	4, �4, �4� = �100,150,240�. 
The number of points is 3709. 

 
Figure 4. The trajectory of natrium ion in magnetic  

and electrical fields 

3.1.3. Natrium ion in periodic magnetic field 

Now we consider periodic magnetic field with fre-
quency 10 Hz, �	,, �,, �,� =(100,150,250),	�	4, �4, �4� =�100,150,250.01�. 
The number of points is 73688. 

 
Figure 5. The trajectory of natrium ion in periodic  

magnetic field 
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3.1.4. Sulfate ion in magnetic field 

Consider the motion of sulfate ion with mass 

m=16*1067Jg, q=-2 in magnetic field. 
The number of points is 200000. 
 

 
Figure 6. The trajectory of sulfate ion in magnetic field 

 
3.2. Natrium ion in periodic magnetic  
       and electrical fields 

Now we consider periodic magnetic field with fre-

quency 200M, and electric field with frequency 80M. 
The number of points is 150000. 

On Fig.7 we present the results of calculations per-
formed in accordance with system (4). 

 
Figure 7. Natrium ion in periodic fields: commensurable 

frequences 

The next picture shows the results when the fre-

quency of magnetic field is 200M, and the frequency 
of electrical field is 2M ∙ 20O. Note that such a mo-
tion we may observe on rather long distance on z-
coordinate (near 6 m). Hence in real device we 
would see only small part of the trajectory and the 
difference between these cases will not be consid-
erable for visual perception. 

 

4. CONCLUSION 

The designed and implemented program is the 
imitation model for calculation of distribution of elec-
tric and magnetic fields and the motion of ions in 
these fields in magnetotherapy devices. It allows us 
to calculate trajectories and visualize the typical 
trajectories calculated for different ions. The ob-
tained set of images may help in matching of given 
parameters to the results of monitoring the patient 
state. The studying the state of environment under 
action of magnetic field requires to take into ac-
count not only an ion motion, but also the interac-
tion between particles, boundary condition and 
other. This problem is the subject of our future in-
vestigations. 

 
5. ACKNOWLEDGMENTS 

This work was partially supported by the grant 
Erasmus + International Mobility (KA107) / National 
Technical University of Athens — St. Petersburg 
State University. 

The authors would like to thank Prof. D. Dimitrov 
from Technical University of Sofia for the problem 
state and many fruitful discussions. 
 
References 

[1] N. Ampilova, D. Dimitrov, B. Kudrin, "Mathematical model-
ing of low frequency magnetic field in systems for 
magnetotherapy ", Proc. 8 Int. Conf. CEMA13, 17-19 Oct. 
2013, Sofia, Bulgaria, pp. 48-51. 

[2] E. Gak. “Magnetic fields and  aqueous electrolites in 
nature, scientific research and technologies”, St. Peters-
burg, 2013. (in Russian) 

[3] B. Kudrin, I. Soloviev, "On interpolation methods of low 
frequency magnetic field in systems for magnetotherapy", 
Proc. 9 Int. Conf. CEMA14, 16-18 Oct. 2014, Sofia, Bul-
garia. KING 2001, pp.154-157, ISSN 1314-2100. 

[4] B. Kudrin, V. Nikolov, "On a visualization of low-frequency 
magnetic field in magnetotherapy", Journal of Applied 
Electromagnetism , vol. 18, no. 2(2016), pp. 14-22. 

[5] B. Lennert, "Dynamics of charged particles", North Hol-
land, 2004. 

Figure 8. Natrium ion in periodic fields: incommensurable  
                                     frequences 


