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Abstract 

A modified small parameter method is presented in which the zero-th approximation solution is used to construct the first approxima-
tion solution. Simple but practically important differential equations, respectively autonomously and non-autonomously, are consid-
ered, showing the application of the method. In the non-autonomous equation, the non-resonant and resonant case are discussed. 

 
 
1. INTRODUCTION 

In the case of nonlinear differential equations, the 
presence of a small parameter allows to search for 
a periodic solution in asymptotic order by the pow-
ers of this parameter [1]. Usually, such a parameter 
is embedded in the structure of the equation itself, 
for example, it can be multiplied before the perturb-
ing term [2, 3]. We will consider a case in which we 
will look for the decomposition of the solution in 
order of the degrees of the amplitude [1]. Such an 
approach can easily be set by a small deviation 
initial condition for the autonomous differential 
equation. In the non-autonomous equation, for the 
non-resonant case, the amplitude will depend on 
the periodic effect on the oscillator, and if we 
choose it to have a small amplitude, we will again 
ensure correctness of the problem. At resonance, 
the amplitude increases significantly and the as-
ymptotic expansion must be done for a small pa-
rameter involved in the structure of the equation [4]. 
In constructing the asymptotic series itself, we 
choose the first approximation terms to be a power 
function of zero approximation. Such use is in help 
in the area of Telecommunications, Fluid dynamics 
and Fire protection analysis. 

2. AUTONOMOUS CASE 

When considering the problem of the movement of 
the pendulum, for small deviations from the equilib-
rium position, the formula [3,4] is obtained: 

  ̈      
  

 
      (1) 

In the equation,    is a constant quantity. Let's set 
the initial conditions: 

  ( )     ̇( )     (2) 

Since we will be considering small deviations in the 

equilibrium position, the amplitude   can be used as 
a small parameter. We do the laying: 

      
  

        

            (3) 

and the derivative with respect to variable τ is de-
noted by ex: 

           
  

 
      (4) 

We will look for the solution in the species: 

             (  )   (5) 

We also decompose   by the powers of the small 
parameter: 

           (  )  (6) 

We substitute lines (5) and (6) in the differential 
equation (4) and arrive at the expressions with the 
first degree in the small parameter and the third 
degree in the small parameter, respectively: 

     
          (7) 
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We impose the conditions: 
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  ( )      ( )     

   ( )       ( )      (9) 

The solution to the first equation can immediately 
be determined: 

           (10) 

We will look for the solution of equation (8) in the 
form: 

       
        (11) 

We find the second derivative of this function and 
use that: 

    
      

    (12) 

the final result looks like this: 

   
            

      
       (13) 

Substituting into the equation gives: 

    
 

  
     

 

  
    (14) 

The final solution of the problem in the approxima-
tion adopted by us is written in the form: 

    (  
  

  
)   (15) 
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            (16) 

3. A NON-AUTONOMOUS CASE 

Let us consider the non-autonomous differential 
equation [1,4]: 

  ̈      
  

 
            (17) 

The quantities    and   are constants. 

We will consider only the particular solution when 
the oscillations are created solely by the perturbing 

force       . As in the previous case, we will use 
the deflection amplitude for a small parameter, this 

requires the constraint   to be small compared to 
unity and furthermore the oscillation frequency to be 
far from the resonance frequencies. 

We introduce a new variable: 

        (18) 

and substitute in the differential equation (17), not-
ing the derivatives with respect to the new variable 
with ex: 

           
  

 
           (19) 

We will look for the solution of (19) in the form: 

             (  )   (20) 

For the function    we will take the expression: 

        
         (21) 

We substitute expressions (20) and (21) in the dif-
ferential equation (19) and determine the equations 
that contain the first power of the amplitude and the 
third power of the amplitude, respectively. For the 
first equation we get: 

      
   (     )       (22) 

Having accepted that: 

           (23) 

From here it immediately follows that: 

   
 

       (24) 

The values of the unknown parameters we are look-
ing for are also obtained from the equation contain-
ing the third degrees of amplitude: 

    
  

            
    

(       )(     )
   (25) 

When we consider the resonant case, we can no 
longer use the amplitude as a small parameter. 
Again we consider the case when a small parame-
ter ε appears in the differential equation: 

                           (26) 

In equation (26), the derivative is taken with respect 

to the variable     . We assume that the fre-
quencies   and   are close to each other and the 
relationship between them is carried out by the 
equation:  

           (27) 

We substitute ω in equation (26) and look for   in 
the form: 

                
    (28) 

For the zero approximation we get: 

   
          (29) 

We immediately determine that: 

            (30) 

By substituting into the formula for a first approxi-
mation, we find the value of  , as well as the equa-
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tion for the relationship between the quantities  , 
   and   : 

    
 

 
   (31) 

  
 

 
          

 

 
     (32) 

4. CONCLUSION 

The presented methodology can easily be applied 
for further approximations. Since approximations to 
the first or second power of the small parameter are 
usually used for analytical purposes, the calcula-
tions made have a fully justified practical signifi-
cance [3, 5]. A peculiarity of the presented method-
ology is that it analytically describes only the sta-
tionary process, but not the transient phenomena. 
This is a characteristic feature of the small parame-
ter method, but nevertheless, for the study of oscil-
lating systems, this method is classical [1]. Numer-
ous applications of this method are the basis of the 
analytical approach to nonlinear differential equa-
tions used in various physical, biological, technical 
and other models [6, 7]. The authors apply this 
knowledge especially in Fluid dynamics, Optical 
and Radio communications, Tele-Medical commu-
nications etc. Our approach to this tool is related to 
the search for a solution as a power function of the 
zero approximation. The obtained results show that 
such an approach is justified and can be construct-

ed, the way in which this can be done is also de-
scribed. 
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