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Abstract 

Time series are widely used method for representation data of different types. Last 3 decades besides the traditional methods of 
investigation of time series the approach of nonlinear dynamics – reconstruction of the attractor of the system generating this series 
– became very popular. It allows calculating correlation dimension of the attractor of the system under study (if it exists) or to estab-
lish that the system does not have an attractor. 

In this work we apply this method to solve a practical problem to analyze EEG records for revealing the patients with epileptic activi-
ty. Additionally we calculate entropy of a signal on amplitude coverage. This approach resulted in separation of 15 records into 2 
classes – epileptic activity and other pathologies, and it is in accordance with the expert conclusions. 

The implemented program system may be used both for investigations and for educational purpose, and the method may be applied 
to time series of other types. 

 
 
1. INTRODUCTION 

The notion of time series naturally appears in prac-
tice of data processing and statistical analysis. Time 
series is a ordered sequence of pairs of measured 
values, one if which is time and other may have a 
different nature and dimension. Time series are the 
results of experiments, both real and computational. 
In particular, the records of various signals are time 
series. Main problems for time series are   Identifi-
cation problem – for given observation data to find 
parameter of a system which generated this series. 

Prognosis problem – for given observation data to 
predict future values of measured characteristics). 
The union of traditional methods of investigation of 
time series with the theory of dynamical systems 
resulted in occurring of a new approach – the appli-
cation of nonlinear dynamics methods to the inves-
tigation of time series of different nature, namely a 
reconstruction of the attractor of the system gener-
ating this series. [7].The theoretical substantiation 
of the reconstruction idea was given by F.Takens in 
[14]. It is based on the reconstruction of an attractor 
in a space of a suitable dimension where the attrac-
tor does not have self-intersection, i.e embedded.  
According to Whitney's theorem if an attractor of a 
system lies in a n-dimensional space then it may be 
embedded in a space with dimension 2n+1. Namely 
this dimension (embedding dimension) is calculated 
by well-known Grossberg-Procaccia algorithm. This 
algorithm calculates the correlation dimension of 

the attractor, which is the same for the attractor in 
initial space and the space of embedding. The 
Grossberg-Procaccia algorithm is a time delay me-
thod [2], in which from a given scalar time series 
one form state vectors with a given time delay. An-
other method of this class is the method of false 
neighbors. 

Seemingly, nonlinear dynamics methods for the first 
time were used in medical applications to analyze 
EEG records [1], [4], [12]. Later on they were ap-
plied in geophysics, astrophysics [3], physics, eco-
nomics for the analysis of financial markets states 
[15]. 

The application of reconstruction algorithms for 
EEG analysis meets many problems, the main of 
which is non-stationarity of a signal – the state of a 
patient during recording procedure may change. In 
this case the record should be divided on several 
periods in accordance with these states. Besides 
that, the record length may be insufficient for cor-
rect estimation of correlation dimension. The exist-
ence of stochastic noise is one more problem. 

Research experience in this area shows that the 
choice of the parameters of reconstruction – time 

delay and the value of proximity (   between state 
vectors depends on the type of a record and its 
length. In [8] it was noticed that sometimes the 
length of time series does not allow the correct 
choice of  , and a modified algorithm for the calcu-
lation of correlation dimension was proposed. In [9], 
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[10] the author considered an optimized algorithm 
for calculation of correlation dimension. 

Different algorithms and their implementations, and 
various variants of the choice of parameters natu-
rally lead to different estimations for correlation 
dimension. However, researchers note that when 
solving many practical problems it is the changing 
of correlation dimension for different types of but 
not its value is important. In this situation an error in 
calculation is not essential, and the results of calcu-
lations retain their significance.  

It was shown in [9] that correlation dimension EEG 
records for children 4-6 years (recorded in the state 
of rest) are essentially less than for adults. In [11] 
the author compared dimensions for 16 channels 

and revealed the synchronization of  -rythms in 
different parts of brain. The authors of [13] obtained 
the estimation of correlation dimension and sepa-
rated EEG records of patients with two types of 
disease.  

One of important characteristics of time series is 
entropy. It may be calculated on amplitude or time 
coverage. For this purpose Shannon entropy and 
the class of Renyi entropies are widely used. In 
[3],[6] the authors applied so called  permutation 
entropy to determine the degree of noise for a time 
series. The union of nonlinear dynamics methods 
and entropy characteristics gives a more detailed 
description of a system under study.  

Thus, nonlinear dynamics methods are applied for 
solving the problems of time series analysis. In this 
work we present the program system for solving 
identification problem – reconstruction of the attrac-
tor of a system and estimation of correlation dimen-
sion of the attractor by a time series generated by 
the system, and calculation entropy characteristics. 
The paper has the following structure. In the next 
section main notions are given, section 3 contains 
the description of the methods of calculation of 
correlation dimension and the entropy for amplitude 
coverage. In the last section the results of experi-
ments for discrete and continuous dynamical sys-
tems and EEG records are given. 

2. MAIN NOTIONS 

Scalar time series is an array on N numbers which 
are values of a variable x(t) at the moments 
       (     where   is called sampling 

period [7]. We should make a remark about the 
choice of parameter  . 

Time series may be obtained as trajectories of dis-
crete dynamical systems or results of numerical 

integration of continuous ones. In the first case   
=1, at that time in the last case parameter   is the 
step of the numerical method. When recording sig-
nal from encephalograph this parameter depends 
on the recording device. It means that the time be-
tween two consecutive values of time series de-
pends on the method of obtaining. As the result, 
when showing restored attractor we have different 
representations.  

2.1. Takens method 

Let   (   be a  -th order dynamical system de-
fined on a compact  -dimensional manifold  , and 
let we obtained a time series as a result of observa-

tion of the system functioning on a  coordinate  . 

Then   
 
(   is the value of  -th component of 

  (   at the time  . If the system has an attractor 
      , it may be restored in Euclidean 
space with dimension     . 

Define the map           as the follows 

 (   (  
 (     

 (        
 (  ) , where   is 

a period of the sample. In what follows we omit the 

denotation   for simplicity. Construct the vectors 
from the data of the time series 

   (  (     (   ...,         
(  (       (   ...,               
(     (          (   ...,   ,  

where   is the length of the segment of the time 
series. In other words we construct    as a point in 

the space      . By the Takens theorem [14]   is 

embedding   in      , and it is the generic prop-
erty. Hence, we have two systems:      , 

and            which are connected by a 
nondegenerate change of variables    (    
There is the characteristic that is invariant with re-
spect to this change — correlation dimension, and 
we may obtain the properties of the attractor of the 
initial system as the properties  of its copy in 

       

To determine the dimension of the embedding we 
follow the algorithm proposed by Grassberg and 

Procaccia [5]. It proposes to find such   for which 
there exists a functional dependence between val-
ues of the time series. If the system has an attractor 



10   CEMA’22 conference, Sofia 

then the points (trajectories) constructed by the time 
series are close. To estimate the closeness of 
points we use correlation integral and then calculate 
correlation dimension of the attractor. 

The correlation integral estimates the number of 
pairs of points (constructed vectors   ) which are  -
close:  

 (         
 

  
∑  (   (      

)) 
      

, 

(1) 

where   is the size the sample and   is the Heavi-
side function. The correlation dimension of the at-
tractor is defined as 

      
   

    (  

    
                   (   

and calculated approximately by the least square 
method as the angular coefficient of the line in co-

ordinates (         (     

Thus, by changing the length of vectors    (denote 
it by k) we calculate   . This value may reach a 
stable value or not. In the first case we take the 

minimal value of   for the dimension of embedding, 
otherwise we believe that our series is a random 
noise, not a dynamical system. 

The restored attractor is shown in projection to 

   or   . For the plane one use coordinates (x(t), 

x(t+   , in    – (x(t), x(t+    x(t+      In this work 
we use the projection on the plane.  

2.2. Entropy on amplitude coverage 

Consider the distribution of a signal by amplitude 

levels. Let           be maximal and minimal 
values of the signal respectively, and        
     . Divide    on N parts (levels) and define     
as the number of  (   belonging to level i. 

Define the normed distribution {    as    
  

∑    
 and calculate Shannon entropy  (   

 ∑       
 
   . 

3. EXPERIMENTS  

The most appropriate way to verify the Takens 
method is to use dynamical systems having attrac-
tors. The length of the obtained series may be tak-
en arbitrary long. We consider examples for 3 types 
of data. 

3.1. Henon map 

The transformation is defined on    and given by 
the formula 

            
     

           

It is well known that Henon map has attractor. The 
results of calculations: 

correlation dimension on x coordinate   
  

     correlation dimension on y coordinate 

  
 

      

 

Figure 1. Henon attractor. Initial point (0.2,0.1),  
5000 iterations} 

 

Figure 2. X- and Y- coordinate restored attractors  
for Henon map 

3.2. Predator-prey system 

The system is given by the system of differential 
equations and has the form  

 ̇  (           , 

 ̇  (            . 

For numerical integration we use 4th order Runge-
Kutta method. 

  
         

 
       

 

Figure 3. Attractor and x-coordinate restored attractor  
of predator-prey system. Initial point (0.5,0.55),  

5000 iteration,       
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Figure 4. Attractor and x-coordinate restored attractor  
of predator-prey system Initial point (0.5,0.55),  

5000 iteration,      

3.3. EEG records 

To calculate    we form vectors    by length k 
(starting from k=2) and calculate correlation integral 
for several values of   by (2). Then we estimate    
by the least square method. Increase k on 1 and 
repeat calculations. Compare obtained correlation 
dimensions. If they are close with a given accuracy 

  we believe that the dimension reached a stable 
value. In this case we take the minimal value of   
as the dimension of embedding. If dimensions are 
not close we again increase k. In the situation when 
correlation dimension does not reach a limit value 
we consider the time series is a random noise, not 
a trace of a dynamical system.  

It should be noted that one of main problems when 

calculating correlation integral is the choice of    
Due to insufficient length of the time series it is 
difficult to take this parameter arbitrary, because the 
situation may occur when where are not pairs of 
points with such a distance between them. We use 
the following algorithm: 

 take a sequence    of parts of a series by 
increasing length; 

 for each     calculate distances between 

vectors      ; 

 take the minimal distance and one more as 

values of    

Note that to apply the least square method we need 

at least two values for    

We use 15 EEG records of patients with pathology 
and separated them into 2 classes – epileptic activi-
ty and other pathologies. 

Example 1 

Series length 514 frequency 80 Hz, time of record-
ing 6.4, the number of channels 16. 

Results of calculation 

               (using 0 channel) 

 

Figure 5. Restored attractor (0 channel) and the graph  
of stabilization of correlation dimension. Embedding  

dimension is 8 

Example 2 

The length of record 2139, frequency 80 Hz, time of 
recording: 26.73 s, 16 channels 

   [3.28 ; 3.44] 

H=2.59 (using 0 channel) 

 

Figure 6. Restored attractor (0 channel) and graphs  
of correlation dimensions for 16 channels 

Summarizing the results for 15 record one may 
conclude  the following. 11 patients were prelimi-
nary considered by an expert as having epileptic 
activity, and 4 patients were diagnosed as having 
another pathology.  

We use the value of interval were correlation di-
mensions and entropies on amplitude coverage lie. 
For records corresponding epileptic activity 

               ], and                  In 
this case correlation dimension is practically the 
same for all channels, which means the synhroniza-
tion process characterizing epilepsy. 

For records of other pathology                
                              , and there is 
no synchronization. Thus, these signs allow the 
differing epileptic activity from other type of pathol-
ogy. 

4. CONCLUSION 

In this work we implemented the investigation of 
time series by nonlinear dynamics method – recon-
struction of attractor and estimation of correlation 
dimension. The entropy of a time series on ampli-
tude coverage is calculated as an additional charac-
teristic. Continuous and discrete dynamical systems 
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having attractor and EEG records were considered 
as test examples. 

For dynamical systems the correlation dimension is 
in accordance with known results, being the calcu-
lation is easier than for capacity dimension. For 
continuous systems the dependence of graphical 
representation of attractor on the choice of the step 
of numerical method is illustrated. For EEG records 
the implemented method allowed the separation of 
data on 2 classes, which in agreement with expert 
diagnosis. 

These algorithms may be modified and applied to 
analysis of more complex time series 
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