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Abstract

We discuss here images of complex structure such as biocrystals, which are very often in applications turn out to be fractals or mul-
tifractals. We present 3 types of multifractal spectra, and vector characteristics based on blanket technic for the surface of grey-level
function constructed by halftone or monochrome image. Such a set of characteristic describes the image structure quite complete. In
this work we apply several different fractal and multifractal methods to analyze images. Our experiments make it obvious that for
every class of images at least 2 methods allow obtaining reliable separation of numerical signs. The algorithms for calculation mul-
tifractal characteristics are implemented. For each class of images the most appropriate signs were recommended.

1. INTRODUCTION

The study of the properties of various biological
substances often uses the technique of obtaining
their crystalline forms. In medicine, such methods of
crystal growth as adding a substance to a solution
of copper chloride, as well as adding a medicinal
solution to an oil base, are well known.

In many cases, the properties of the substance
under study can be judged by the type of crystal
obtained. Methods of analysis and classification of
digital images play an important role in the study of
the properties of biocrystals. For example, in [1, 2]
various approaches to the analysis of images of
wheat samples are described, including using artifi-
cial neural networks.

Very often in applied problems of biology and medi-
cine, researchers work in conditions of the so-called
small sample, when the number of samples is in the
tens, whereas most machine learning methods rely
on the assumption of samples that differ by orders
of magnitude. Therefore, mathematical methods for
obtaining fine classification features and the use of
expert knowledge are of great importance here.
Thus, in [3], the method of multifractal analysis was
applied to the study of a set of 60 wheat samples.
The obtained characteristics combined with expert
assessments allowed us to divide the initial set into
d classes.

The successful application of multifractal characteris-
tics in the analysis of microscopic images of metal
sections [4, 5] and in the study of nanostructures [6]
shows that the same methods can be used in the
analysis of such complex compounds as biocrystals.

The relevance of this research is due to an increas-
ing number of areas in biological and medical re-
search, where the results of experiments can be
recorded by obtaining digital images using modern
equipment.

In this work, we apply basic methods of fractal and
multifractal analysis of digital images to the study of
crystals of biological substrates and drugs, which is
used in assessing the quality of biological products
and laboratory control of drugs.

As classification features in this paper, we use the
characteristics obtained by calculating such indica-
tors as the Minkowski dimension, the Renyi spec-
trum and the multifractal spectrum determined us-
ing a local density function, as well as parametrized
spectra.

We show that decomposing an image into disjoint
level sets using a local density function allows filter-
ing by selecting the set with the largest capacity
dimension. Such sets preserve the main features of
the original image, and the use of fractal technic
allows for a clearer separation of images.

For images of various classes of biological sub-
strates and drugs, we present the results of experi-
ments.

2. MAIN DEFINITIONS

2.1. Fractal and multifractal characteristics

A natural characteristic of the sets of Euclidean
geometry is their topological dimension. It is based
on the concept of the multiplicity of the covering



14

(the smallest number of adjacent elements of the
covering —1, provided that the covering consists of
elements having a finite size) and is an integer.
Another approach to the notion of dimension was
proposed by Hausdorff [7]. For a countable cover
with a diameter of elements not exceeding a certain
number, we consider a numerical series composed
of the diameters of sets raised to a certain power p.
The sum of the series is called the Hausdorff
measure, it determines the value of p at which the
series converges. This value, which is not neces-
sarily an integer, is called the Hausdorff dimension.
It is known that for sets of Euclidean geometry, this
characteristic coincides with the topological dimen-
sion. It turned out that the Hausdorff dimension can
also be a characteristic for objects of a more com-
plex structure, namely fractals. Such objects are
characterized by fractional dimension. According to
the definition proposed by the developer of fractal
geometry B. Mandelbrot, a fractal is a set for which
Hausdorff dimension is strictly greater than its topo-
logical dimension.

Fractal sets have the property of self-similarity. This
means that the structure of a part of a fractal set is
in some way "similar" to the structure of the whole
set. Self-similarity can be strict and statistical. The
sets for which the law of their construction is known
(the Cantor set, the Serpinsky carpet, etc.) of
course have strict self-similarity. Most natural ob-
jects with a complex structure can be considered as
fractals (or multifractals) with statistical self-
similarity.

Sets with strict self-similarity are usually construct-
ed iteratively, from a formal point of view, the pro-
cess of their construction is endless. When depict-
ing such structures, it is believed that the construct-
ed figure approximates the fractal well and gives a
visual representation of its shape, if at a certain
step of construction the differences become visually
imperceptible.

2.2. Capacity dimension

In practice, calculating the Hausdorff dimension is a
time-consuming task, therefore, the class of so-
called "box-counting" (capacity) dimensions is used,
which are based on the idea of counting the number
of coverage elements of linear size & necessary to
cover the set under consideration. When working
with fractal sets, we assume that the so-called
power law holds, namely, the number of elements
of the cover N () is proportional to the linear size
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of the element in some degree N (&) =~ ce~P. This
assumption is empirically conditioned.

Usually the capacity dimension of a nonempty
bounded set F € R™ is defined as follows

An approximate value of the capacity dimension
can be obtained, for example, by using the least
squares method.

2.3. Minkowski dimension

It should be noted that when analyzing images of
fractal sets, the capacity dimension is determined
only for black-and-white images.

To calculate the fractal dimension of the sets repre-
sented by halftone (gray-scale) images, we can use
the Minkowski dimension. It is based on the so-
called blanket technic and its calculation does not
use a coverage.

A detailed description of this method can be found
in [7, 8], so we will provide here only the information
necessary to describe the algorithm for its imple-
mentation.

Let F = {X;;,i =0,1,..,K,j=0,1,..,L} be a
gray-scale image and X;; be the gray level of the
(i, j)-th pixel. This is a gray-level surface for the
image, which can be viewed as a fractal for a cer-
tain measure range.

Let F c R™. Then &-parallel body Fs is a set of
points distant from F by no more than §:

Fs={xeR":|x—y|<8,y€F}

and we say, that Vol (Fs) — n-dimensional volume
of Fs.

If for some constant s at § — 0 the limit Vol(Fs)/
5™D is positive and bounded, then the number D
is called the Minkowski dimension of the set F.

We build blankets ug, bs for a gray level surface as
follows
Us (l']) =
max{ugs_,(i,j) +
1, max|mn)—(i, =1 Us—1(m,n)}
b5(l']) =
mln{b5—1(l']) -
1, min(mn)— i ji<1 Us—1(m,n)}
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uo(i,j) = bo(i,)) = Xij
A point F(x,y) is included in a §-parallel body if
bs(i,j) < F(x,y) < ug(i,j). The definition of a
blanket is based on the fact that the blanket for a
surface of radius & includes all the points of the
blanket for a surface of radius 6 — 1 together with

the points that are at the distance of 1 from this
blanket.

The volume of a §-parallel body is calculated by us
and bs:

Vol(Fsy = % j(us(i,j) — bs(i, ))).

The surface area is calculated using one of two
formulas

_ V0l5
5726
VOl(g - VOl(g_l
1) = 2 .

Minkovsky dimension is defined as
~ In A5
D~2="" s

To obtain the image characteristics, we use a vec-
tor ((Ind,InAg)), the size of which is determined
by the number of different values of 6.

2.4. Rényi spectra

Consider the setM c R™, and its partition into
N (e) cells with side (or volume) . We define the
probability measure p(¢) = {p;(e)}, i=
1,..,N(), I p;(e) = 1. Also consider the
generalized statistical sum (or the sum of the mo-
ments of the measure) [9]

N(e)

S@e) =) pfaerR (D)

As usual we assume that the power law holds

pi(e)~e“ (2)

We also assume that the statistical sum itself also
follows the power law:

S(q, &)~ @ (3)
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where 7(q) is a function of class C?.

The symbol ~ in (2) and (3) is understood as fol-
lows:

Under these assumptions, the characteristic of a set
with a complex structure is a set of generalized
Renyi dimensions:

. 1 InS(q,¢)
Dq_!el—%q—l Ine ®)

2.5. Parameterized spectra

A multifractal set can be represented as a set of
fractal subsets, each of which has its own fractal
dimension. A multifractal spectrum is a set of di-
mensions of these subsets. Multifractal spectrum is
a set of subsets, each of them is the union of cover-
ing elements having close values of exponents «;
in (4).

In this sense Renyi spectrum is not multifractal
one, because it shows the changing of initial meas-
ure when parameter q changes. But one may go
from Renyi spectrum to multifractal one by using
parametrized spectra [10].

Let M be a set and {M;} be its partition on N (&)
cells by size e. Consider a normed measure
{pi(e)} on {M;}and construct a sequence of
measures u(q, €) = {u;(q, )}, where

] ()

Hi(q,f) =
VO pl (e)

Define the average a(q) of exponents «; by a
chosen measure

Yy Inpi(e)ui(q, €)
Ine

a(q) = lim
£-0

For every measure u(q,e) calculate information
dimension f(q) of its support

YN (g e)Inp(q e
Ine

f(q) = lim

Excluding parameter q we obtain multifractal spec-

tra (o, f ().


https://en.wikipedia.org/wiki/R%C3%A9nyi_entropy
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2.6. Local density function

This method was proposed in [11]. Consider an
image I in R? and denote the square with center
x and radius r (half of the side length) by B(x,r).
Denote the measure of pixel intensities by u.

Assume that
1(B(x,1)) = kré® (x), (6)

where d(x) — local density function and k is a
constant.

Consider (6) for r small enough, then it follows

l B(x,
400 = lim og u(B(x,r))
70 logr

The function d(x) characterizes the degree of
heterogeneity of the pixel intensities distribution in a
neighbour of x. The set of points x with local densi-
ty a forms the level set

E, = {x € I. d(x) = a}. In practice we calculate
Amins Amax » & € [Xmin, Amax] @nd form the
sets
E(a,e) ={x€l:d(x) € [a,a + &)},

where ¢ is a parameter.

We obtain a set of binary images. Obviously, this
parameter controls the number of level sets and
allows the separation of the image on nonintersect-

ing level sets, and the procedure of separation is a
kind of filtration.

Then we calculate capacity dimensions for level
sets and obtain multifractal spectrum f (a).

3. EXPERIMENTS

3.1. The effect of cyna

The effect of Cyna 6 on biosubstrates was studied.
The images from 2 classes (each contains 5 imag-
es) were analyzed by the methods described.

The results are shown below.

Figure 1. Biosubstrate without correction (left)
and after correction (right) .

CEMA’22 conference, Sofia

Graphs are given below. All the calculated features
show the separation.

Renie spectre

3

Figure 2. Renyi spectra and multifractal spectra
by local density function

alpha(g) fia)

—— 0P j0g
— o3 X0PPIPY

Figure 3. Parametrized spectra and graphs
of characteristic vectors

3.2. Crystals of drugs

3 types of crystals of drugs (medical solution is
added to oil, crystals are formed on the boundary of
matters).

Images are obtained by microscope, every class
contains 7-8 images.

Figure 5. Class 3



CEMA’22 conference, Sofia

Figure 6. Renyi spectra and multifractal spectra
by local density function

Figure 7. Parametrized spectra and graphs
of characteristic vectors

4. CONCLUSION

As a rule, researches work with images biomedical
preparations under conditions of so called small
sample — the number of images is estimated in
tens, not thousands. It is expert knowledge that has
a decisive meaning. However, the practical experi-
ence shows that a description of images in terms of
numerical characteristics is useful addition to visual
perception. Any description of an image structure
may be thought as a formalization of expert
knowledge. In this work we demonstrate the results
of application of several fractal and multifractal
methods to analyze images of crystals of drugs.
The experiments showed that for every class of
images at least 2 methods allow obtaining reliable
separation of numerical signs.
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