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Abstract - The method for determining the probability stability of 
discrete systems whose parameters are random, normally 
distributed values is presented in this paper. The system with 
random parameters is often encountered in industry of plastic 
materials and rubber industry. Presented method enables the 
analysis of the system consisting of two and more random 
parameters. 
 
 
Keywords – Probability, Discrete times systems, Multidimensional 
normal distribution. 
 
 
 

I. INTRODUCTION 
 
 

 In the process industry, the industry of chemical products 
and especially in industry of plastic materials treatment and the 
rubber industry, the systems in which some parameters couldn't 
be calculated and measured precisely are encountered. The 
reason is the fact that these parameters depend on values, which 
have stochastic character, such as plasticity, elasticity, intensity 
and compactness of material. The consequence of this is that the 
performances of the whole system differ from wanted, i.e., 
projective values. In certain cases, those deviations are so large 
that with no adjustment the system can be bringing into the 
normal working state. Because of that is necessary to estimate 
the influence of stochastic parameters on system performances 
in advance. Especially, this estimation is very important in 
relation to the system stability and the quality of system work. 
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 The basic methods for probability stability estimation are 
given in [1], [2], [3], [4]. These methods are connected to the 
continual systems of automatic control. In this paper the method 
for stability estimation of discrete systems will be presented. 
The discrete systems of the second and higher order will be 
discussed, also. Some theorems from the theory of the random 
processes [5], as the basic conditions of the discrete systems 
stability [6] are used. Let us notice that for the effective analysis 
of this problem the D - decomposition in the parametric space 
for discrete systems can be used. 
 
 
 

II. THE DETERMINING OF PROBABILITY OF DISCRETE 
SYSTEMS STABILITY 

 
 

 Let the discrete system is given by: 
 

   (1) ( ) 1,0 0
0

==−+∑
=

linkxl
n

i
i

 
 From the condition of the discrete system stability [6], the 
stability area of the system given by Eq. (1) in the parametric 
space is determined. It is important to determine the stability 
area in the following way. The z - transformation is applied to 

the system (1) and bilinear transformation, 
1
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that way, the stability area is determined similar as at continual 
systems (using Hurwitz criterion). Let the stability area of the 
system (1) in parametric space  is .  nll ,,1 K nS
 Let the parameters l  have normal distribution: nl,,1 K
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where il  are mathematical expectations and iσ  standard 
deviations.  
 If the parameters are independent random variables, then the 
multidimensional distribution density is given by: 
 

  ( )
( )

( )
∑

−
−

=

= =

∏

n

i i

ii ll

e
n

i
i

n
nllp 1 2

2

2

1
2

1,,1
σ

σπ

K  (3) 

 
 The probability stability of the system (1) whose parameters 
is random and has densities of probability distribution (2), [2], 
[3], is given by: 
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A. The Second Order Discrete System 
 
 Let the second order discrete system is given by: 
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 Using the z - transformation, firstly, the following equation 
is obtained: 
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and then applying the bilinear transformation, 
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discrete system is transformed into the s - domain in the 
following way: 
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 As it was said, it is necessary to determine the stability area 
of this system in the parametric plane. From the stability 
conditions, using, for example, the Hurwitz criterion, the 
stability area  is given with the next set of relations: 2S
 

   (8) 
12

0211
0211

≤
≥++
≥+−

l
ll
ll

0,0 == ll

 
 The stability area  of the second order discrete system is 
given on Fig.1 where  presents the non stability area. 
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Fig.1. The stability area  of the second order discrete system 2S
 
 In the case of the second order discrete system, the area 
stability is the triangle. Parameters are independent, random 
values and the distribution density is: 
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 The probability of the second order discrete system stability 
is given by: 
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 This probability is determined using MATHEMATICA. 
Because of the complexity of calculating the integral, the 
exponential function is presented using the Taylor series of the 
ninth order: 
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=  is the error, and 0 .  1<Θ<

 
 For the optional values of mathematical expectations 

5.24.1
02,67.01 ==
 and standard deviations 

47.σσ , the probability stability of the second 
order discrete system is P=0.9377.  
 
 



 
B. The Third Order Discrete System 
 
 Let the third order discrete system is given by: 
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 The stability area is obtained in the same way as at the 
second order discrete system and is given by the following 
relations: 
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 This area is given on Fig.2. 
 
 

Fig.
2. The stability area  of the third order discrete system 3S

 
 
 The probability of stability is determined by : 
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where: 
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and 321 σσσσ = .  
 

 
 In the case when the stability area is determined in relation 
to more than two parameters, the problem is far too complex. 
Above all, the surfaces which present the area stability limits are 
usually expressed by very complicated mathematical relations. 
Besides, at the probability stability estimation of the system, it is 
necessary to integrate by the area , which is analytically 
practically impossible in consideration to the complex functions 
of random parameters distribution densities.  

nS

 In our case, for the optional values of mathematical 
expectations 4.03,3.02,2.01 === lll

9.03,8.02,7.0 ===
 and standard 

deviations σσσ , the probability 
stability of the second order discrete system is P=0.9456.  
 In the case of the n–th order system, the area stability is 
determined by known conditions for the stability of the discrete 
systems of the n-th order using bilinear transformation, also. In 
that way the closed body in the parametric plane of the n-th 
order, which includes the origin, is obtained. This body is very 
complicated so the calculation of the probability stability is very 
difficult. That is why, for the practical applications, is important 
to estimate the probability stability. For that purpose two 
theorems, [7], can be used. 
 The first theorem states that the stability area is included in 
hyper parallelepiped: 
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 The second theorem states that the stability area includes the 
simplex polyhedron: 
 
  121 ≤+++⇔ nlllnO L  (17) 
 
 Using these theorems, the probability stability can be 
estimated in the following way: 
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 The more precisely estimation can be performed if the limits 
of the stability area are approximated with hyper planes in the 
parametric space.  
 
 

III. CONCLUSION 
 
 The method presented in this paper enables the probability 
stability estimation of the discrete system with more than two 
random parameters. For the systems with more random 
parameters, as for the systems for which the limits of the 
stability area in the parametric space can be hardly 
approximated with linear functions, probability of stability 
calculation is complex and the applications of computer is 
recommended. For its simplicity, this method can be used in 
practice, for example, in the industry of chemical products, 
industry of plastic materials treatment and the rubber industry 
where some technological parameters have stochastic character, 
i.e., they present random, normally distributed values.  
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