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Abstract – The rates of convergence of the edge element method
(EEM) coupled with impedance boundary condition (IBC) and
of the finite element method based on a gauged system of differ-
ential equations for the magnetic vector potential and coupled
with IBC are compared in this paper in the case of numerical
analysis of magnetic systems with concentrating and shielding
magnetic cores. It is established that EEM coupled with IBC
has a substantial advantage.
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I. Introduction

The use of impedance boundary condition (IBC) for 3D nu-
merical analysis of the electromagnetic field in systems with
eddy currents results in substantial acceleration of the cal-
culations. A numerical model coupling the finite-element
method (FEM) with IBC and based on a gauged system
of differential equations for the magnetic vector potential
(MVP) is proposed in [1]. The gauging of the equations for
the MVP improves the convergence but can result in viola-
tion of the continuity conditions on the boundaries between
regions with different permeabilities [2,3]. A coupling of the
IBC and the edge-element method (EEM), for which the con-
tinuity conditions can’t be violated from a theoretical point
of view, is proposed in [4] for the study of an induction heater
with a magnetic core for concentrating the magnetic flux. It
is established in [4] that the use of EEM coupled with IBC
results in a substantial improvement of the convergence rate,
providing at the same time good accuracy. The non-linear
properties of the ferromagnetic materials are not taken into
account in this study.

The purpose of the present paper is a comparison of the
rates of convergence of both formulations: EEM coupled
with IBC [4] and FEM coupled with IBC [1,5,6] in the case
of 3D numerical analysis of systems with concentrating and
shielding magnetic cores, taking into account the non-linear
properties of the materials.
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II. Formulation of the Problem for 3-D
Numerical Analysis of the Electromagnetic
Field by Means of EEM Coupled with ibc

The following equation for the magnetic vector potential
(MVP) is used:
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where � is permeability, � � �
� , � is frequency, � is con-
ductivity, � is the source current density and � �

���.
The following relationships can be written in the case of

strong skin-effect in the electroconductive details [1]:
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Here � is the density of the current on the surface �� of
the details, � is the outer normal to ��, �� is the surface
impedance and Æ is the electromagnetic penetration depth.
Eq. 2 is IBC.

After applying EEM and taking into account Eq. 2 and the
corresponding boundary condition (for the distant points and
for the planes of symmetry [1,7]), Eq. 1 is transformed into
the following functional:
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where� is the weight function,� is the region of integration
and �� is the surface on which is distributed the exciting
current.

The region � is divided into tetrahedral finite elements
while the surface �� is divided into triangular ones.

The weight function for an edge connecting the nodes with
numbers � and � is defined as [6]:
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where � is the shape function.
The following relations are used to determine � and �

within the boundaries of a finite element:
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where the index � is the local number of the edge, �� and
�� are circulations of � and � on the edge �, � � � for a
tetrahedral element and � � 	 for a triangular element.

The following formulae are used to determine ���� within
the boundaries of a tetrahedral element:
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Taking into account Eqs. 5, 6 and 7, the functional (Eq. 4)
can be transformed into a system of algebraic equations in
which the unknowns are the circulations of the MVP �

along the finite element edges. The Incomplete Cholesky-
Conjugate Gradient (ICCG) Method [10] is used to solve this
system. The accuracy of the solution of the system is evalu-
ated by means of the relative Euclidean norm of the residuals
�� [7].

III. Numerical Algorithm

The numerical algorithm contains an iteration cycle, each
step of which includes: calculation of the coefficients of the
system of algebraic equations; solution of the system by
means of a second iteration cycle which terminates when � �
reaches a preliminary given value; calculation of the values
of the magnetic field strength � for each volume and surface
element; correction of the values of the permeability � for
each element using the ��
� curve for the corresponding
material.

At the end of the iteration cycle the values of the reactive
and active power are calculated.

IV. Numerical Results

Numerical analysis of the field in two electromagnetic sys-
tems has been carried out.

The first one is an induction heater for flat surfaces. The
heater has a U-shaped magnetic core and two inductors (see
Fig. 1). The heated surface is ferrous steel. The working fre-
quency is 4000 Hz and the surface density of the inductor
current is 2.10� A/m. The same system is studied in [4] but
the non-linear properties of the ferromagnetic materials are
not considered. The studied region, encircled in the figure
with a dash line, contains 1/4 of the volume of the whole
device.

The second system is an induction crucible furnace-mixer
for copper alloys with short inductor, large capacity - above
100 � and working frequency of 50 Hz (see Fig. 2). The cru-
cible of the furnace is filled with melt up to the upper end of
the inductor. 30 shielding magnetic cores are installed in the
space between the inductor and the furnace mantle, which is
made of ferrous steel. The surface density of the inductor cur-
rent is 2.10� A/m. The region of integration, which is dashed
on Fig. 2, contains 1/60 of the volume of the furnace.

In the case of FEM, the region of integration is divided
into hexahedra, while the surfaces on which IBC is applied
are divided into quadrangles. In the case of EEM, each hexa-
hedron is divided into 6 tetrahedrons and each quadrangle –
into 2 triangles. On Fig. 3 is shown the division of the area

Fig. 1. Diagram of the induction heater for flat surfaces. All dimen-
sions are in�.

of integration into tetrahedrons and triangles for the second
studied system – the induction crucible furnace.

Two algorithms are applied for the solution of the prob-
lems: EEM coupled with IBC [6] and FEM with gauged
MVP coupled with IBC [1] in a non-orthogonal coordinate
system [5,6]. The rates of convergence of both algorithms
are compared. The EEM coupled with IBC is used to verify
the accuracy of the FEM coupled with IBC.

The geometry of the studied devices allows the region of
integration to be divided into high-quality hexahedral ele-
ments with a shape close to cubical and into almost equi-
lateral tetrahedral elements. That is why high accuracy of the
solution of the systems of algebraic equations approximating
the differential equations can be expected.

In Table 1 are shown the results from the calculation of
the complex power in the region of integration, the necessary
number of iterations and the achieved value of the Euclidean
norm of the residuals �� for the first studied system. As can
be seen from the table, the necessary number of iterations for
EEM coupled with IBC is nearly 10 times smaller than the
corresponding number of iterations for FEM coupled with
IBC. Also, the achieved accuracy of the solution of the sys-
tem of algebraic equations is low: �� � 
���, while for EEM
coupled with IBC �� � 
�
�. The minimum value of �� which
can be achieved is an important indicator for the rate of con-
vergence of the numerical process.

Despite the relative high value of �� in the case of FEM
coupled with IBC, the accuracy of the SOLUTION of the
problem as a whole is good: the values for the complex power
obtained by means of both algorithms are almost identical.

In Table 2 are shown the results from the 3D numerical
analysis of the electromagnetic field for the second studied
system. The accuracy of the calculation of the value of the
complex power by means of FEM coupled with IBC and
gauged MVP is high: the results are almost identical with
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Table 1. Results of the numerical modelling of the system with con-
centrating magnetic core

EEM

coupled 

with  IBC 

[3]

FEM coupled with 

IBC and gauged  

MVP [1,4] 

Number of 

iterations 

265 2521 

Value of  iε <0,02 <0,12 

Complex 

power, VA 

4139+

j55122 

4300+

j56143 

Fig. 2. Diagram of the induction crucible furnace for copper alloys.
All dimensions are in�.

Table 2. Results of the numerical modelling of the system with
shielding magnetic cores

EEM coupled 

with  IBC [3]

FEM coupled with 

IBC and gauged  

MVP [1,4]

Number of 

iterations 

190 491 

Value of iε <0,01 <0,01 

Complex power, 

VA 

15568+ 

j256830 

15314+ 

j241563 

Power losses in 

the mantle’s 

bottom, W 

281 300 

Power losses in 

the cylindrical 

part of the 

mantle, W 

591 620 

those obtained by means of the EEM coupled with IBC. The
accuracy of the calculation of the power losses in the mantle
is satisfactory. Better convergence is observed in the case of
EEM coupled with IBC: the number of iterations is 2.5 times
smaller than those for FEM coupled with IBC and gauged
MVP.

Fig. 3. Division of the area of integration for the induction crucible
furnace.

V. Conclusion

It is established that the use of EEM coupled with IBC in-
stead of the gauged formulation of FEM coupled with IBC
improves the convergence of the numerical process in the
case of 3D numerical analysis of the electromagnetic field,
taking into account the non-linear properties of the magnetic
materials. In the case of the studied system with a concen-
trating magnetic circuit, the number of iterations decreases
almost tenfold and the accuracy of the solution of the system
of algebraic equations approximating the differential equa-
tions of the electromagnetic field increases substantially. In
the case of the second studied system, which contains shield-
ing magnetic cores, the convergence improves to a lesser de-
gree – the number of iterations decreases 2.5 times while the
accuracy of the solution of the system of algebraic equations
is the same for both algorithms.
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