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Abstract — - In this paper, algorithms for fast computation of
a special type of Hadamard transforms, namely 4tpoint (t is
an order of so-called Williamson type matrices) Williamson-
Hadamard transforms, are presented. These transforms are
based on Williamson’s construction of Hadamard matrices.
Comparisons revealing the efficiency of the proposed algo-
rithms with respect to the known ones are given. Also, of nu-
merical examples are presented.
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I. Introduction

In the past decade fast orthogonal transforms have been
widely used in many areas, such as data compression, pat-
tern recognition and image reconstruction, interpolation, lin-
ear filtering, spectral analysis, watermarking, cryptography
and communication. The computation of unitary transforms
is a complicated and time consuming task. However, it would
not be possible to use the orthogonal transforms in signal and
image processing applications without effective algorithms is
calculate them. An important question in many applications
is how to achieve the highest computation efficiency of the
Then discrete orthogonal transforms (DOTs). Among DOTs
a spe cial role plays a class of Hadamard transforms based on
the Hadamard matrices [1,-13,19-21] and they do not require
any multiplication operation in their computation.

In this paper we have utilized Williamson’s construction
of Hadamard matrices in order to develop efficient computa-
tional algorithms of a special type of Hadamard transforms,
called Williamson-Hadamard transforms.

The paper is organized as follows. Section 2 de-
scribed the Hadamard matrix construction from Williamson
matrices. Sections 3 and 4 present the block rep-
resentation of Williamson-Hadamard matrices and fast
Williamson-Hadamard block transform algorithm. In Sec-
tion 5 Williamson-Hadamard transform algorithm on
add/shift architecture is developed. Section 6 and 7 present
a fast Williamson-Hadamard transform algorithms based on
the multiplicative theorems. Section 8 gives the complexities
of developed algorithms, and also a comparative estimate, re-
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vealing the efficiency of the proposed algorithms with respect
to the known once.

Il. How to Build Hadamard Matrices from
Williamson Matrices

In this section we first give a definition of Hadamard matrices
and then describe an algorithm for generation of Williamson-
Hadamard matrices.

Definition 2.1: A Hadamard matrix H,, of order n is an or-
thogonal matrix consisting of elements +1:

H,H' =H'H, =nI,,
where T is a transposition sign, I,, is an identity matrix of
order n.

Let as briefly describe the Williamson’s approach to the
Hadamard matrices construction.

Theorem 2.1: (Williamson [15]) Suppose there exist four
(£1)-matrices A, B, C, D of order n satisfying

PQT =QPT, P,Qc{A, B,C D}, M
AAT + BBT + ¢cCT + DDT = 4nlI,.
Then
A B C D
-B A -D C
W4'n — —C D A —B (2)
-D -C B A

is Hadamard matrix of order 4n.

The matrices A, B,C, D with properties (1) are called
Williamson matrices. The matrix (2), is called the
Wi liamson-Hadamard matrix.

If A, B,C, D are cyclic symmetric (+1)-matrices of order
n, then the first relation of (1) is satisfied automatically and
the second condition becomes

A? + B? 4+ C? + D? = 4nl,.

The first rows of the Williamson type cyclic and symmet-
ric matrices A, B, C, D of order n, n = 3,5, ...,25 can be
found in [2,11,16]. For the more complete list of Williamson
matrices see in J. Seberry’s web page [17].

Note that any cyclic symmetric matrix A can be repre-
sented as A = Y77 a,U*, where U is a cyclic matrix
of order n with the first row (0, 1,...,0), and U™*¢ = U?,
a; = an—;, H,fori=1,2,...n —1.

Below we give an algorithm of the WilliamsonHadamard
matrices generation.

Algorithm 2.1: Hadamard matrix generation via cyclic
symmetric Williamson matrices.
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Input: the vectors (ao,ai,...,an—1), (bo,b1,...
(Co,Cl,...,Cnfl) and (do,dl,...,dnfl).

Step 1. Construct matrices A, B, C, D by
n—1 ) n—1 )
A=Y "aU', B=) bl

=0 =0

n—1 n—1
C=> U, D=) dU'.
=0 =0

Step 2. Substitute matrices A, B, C, D into the array (2).

7bn71)5

Output : Williamson-Hadamard matrix Wy,.

Example 2.1: The following matrices are the Williamson type
matrices of order 3.

+ 4+ + +
+ + +|, B=C=D= |-
+ 4+ + —

A=

+

Substituting these matrices in (2) we obtain a Williamson-
Hadamard matrix W1, of order 12

I+

I11.  Block Representation of
Williamson-Hadamard Matrices

In this section we present an approach of block Hadamard
matrices construction equivalent to the Williamson-
Hadamard matrices. This approach is useful for designing
fast transforms algorithms.

We begin with an example. Let (ag, a1, a1), (bo,b1,b1),
(co,c1,c1) and (do, dq,d;) be the first rows of Williamson
type cyclic symmetric matrices of order 3. Using Algorithm
2.1, we can construct the following matrix of order 12:

ap a1 a1 bo b1 b1 coc1C1 do d1 dy
a1 ap ay b1 bo b1 C1 Co C1 dl dO dl
a1 ai ap bl bl bo C1 C1 Co dl dl dO
bo b1 b1 aop a1 ai do di di Co C1 C1
— | b1 bo b1 araoar | —| didody C1 Cp C1
b1 b1 bg a1 ai ag d1 dy do C1 C1 Co (3)
Cp C1 C1 do d1 d1 ap ai ai bO bl bl
— | ci1cocC1 d1 do d1 ai ap ai - bl bO bl
C1 C1 Co d1 d1 do a1 ai ap bl bl bO
do dq d1 Cp C1 C1 bo b1 by ap ai ai
—| d1 do d1 —|lcicocr by bo by ai ap a1
dy dq do C1 C1 Co b1 b1 bo ai ai ao

Now we want to use this matrix in order to make an equiv-

alent block cyclic matrix. The first block Py we form as fol-
lows: a) from the first row of above matrix the first, 4-th, 7-th,
and 10-th elements (ao, bg, o, dp) and make the first row of
block Py, b) from the 4-th row of above matrix the first, 4-
th, 7-th, and 10-th elements (—bo, ag, —do, co) We make the
second row of block Py, and so on. Hence, we obtain

ap bo co do
_ — b() ag — d() Cp
PO - —Cp d() ap —b() ’ (4)

—do —co by ao

The second (and third) block P; we form as follows: a)
from the first row of above matrix the second, 5-th, 8-th and
11-th elements we make the first row (a1, by, ¢1,d;) of block
Py, b) from the 4-th row of above matrix the second, 5-th,
8-th, and 11-th elements (—b4, a1, —dy, ¢1 ) we make the sec-
ond row of block P;, and so on. Hence, we obtain

ai b1 C1 d1
_ b a1 —di
PO o —C1 d1 ai —b1 ’ (5)

—d1 —C1 b1 ay
From (3), (4) and (5) we obtain

PyP P,
PR P (6)
P, PP

which is a block cyclic block symmetric Hadamard matrix.
Using the properties of the Kronecker product, we may
reWritE(G)aS [BW]12 =FPL+P U+ P, ®U2
In general, any Williamson-Hadamard matrix of order 4n
can be presented as

[BW]lg =

n—1
VV4n = ZQZ(X)UZ,

i=0
ai bi ¢ d; (7)
—b; a;—d; ¢
Qi(ai, b, ci,d;) = —¢; d; a;—b; |’

—di —¢; by a;

where Q; = Q,_;, a;,b;,¢;,d; = £1 and ® is a sign of the
Kronecker product [11].

The Hadamard matrices of the form (7) are called
block-cyclic block-symmetric Hadamard matrices [2]. The
Williamson-Hadamard matrix 15 (see previous section) can
be represented as a block-cyclic block-symmetric matrix:

b+ F——— f———
—F—+ - A+
—F— A+t A+
— e+ -+ A+
T T T
-
B =
BWha =11 4y —h4— 14+
FF—t e+ A+
b= F——— 441
FHF— A
bt A+ -
T T
Q0(+7+7+7+) Q4(+7_7_7_) Q4(+7_7_7_)
= Q4(+7_7_7_) Q0(+7+7+7+) Q4(+:_7_:_)
Q4(+7_7_7_) Q4(+7_7_7_) Q0(+7+7+7+)

From (7) we may see that all the blocks are Hadamard
matrix of Williamson type of order 4. In [18] it was proved
that cyclic symmetric Williamson-Hadamard block matrices
can be constructed using only 5 different blocks such as
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+ + + + + + + —
-+ -+ -+ + +
QOZ -+ 4+ — | le —— 4+ |
- — + + + — + +
+ + — + + — + +
-+ - |+ + -+
QQ— 4+ 4+ 4+ -] QB— — 4+ 4| (8)
-+ + + - — =+
4+ - — —
|+ ++ -
Q=4 4y
+ + — +

For example, Williamson-Hadamard block matrix
[BW]12 was constructed using matrices Qo and Q4 only.

Note that when we fix first block then one needs maximum
4 blocks to design any Williamson-Hadamard block matrix
and these 4 blocks is defined uniquely up to a sign. Thus, if
the first row of the first block consists of an even +1, then
the first rows of the others 4 blocks consist of an odd +1.
And if the first row of the first block consists of an odd +1,
then the first rows of the others 4 blocks consist of an even
+1. The set of blocks with fixed first block with odd +1 is
fO”OWing Q6 - Q0(+ + + ) Q 1 = Q1(+7_7_7+)1
QI - QQ( ,+,—, ) Q3 = Q(_5_5+7+)1 Qil =
Qa(+,+,+,+).

IV. Fast Block Williamson-Hadamard
Transforms

In this section we describe two algorithms for forward block
Williamson-Hadamard transform calculation:

F = [BW]anf.

Let us split the vector column f into n 4-dimensional
vectors as f = Z”_ X; ® P;, where P; are column-
vectors of dimension n, whose i-th element is equal to
1, and the remaining elements are equal to O, and X; =
(faiy fait1s faive, faivs), 0 =0,1,..,n—1.

Now, using (7), we have

[BW4nf (ZQ1®U)(T§XJ'®PJ-)

- | ©)
=) QiX;»U'P,
4,7=0
We may cheek U'P; = Pp_iyj, j = 0,1,..,n — 1,0 =
j4+1,..,n—1.
Hence, the equation (9) can be presented as
n—1 ) n—1
[BW)inf =Y Q:X;®U'P; =Y B;, (10)

i,j j=0
where B; = 37" Q,; X; @ U'P;.
From (10) we have that for performing the fast

Williamson-Hadamard transform we need to calculate the
spectral coefficients of the block transforms, such as V; =

Q:;X. Here Q;, i = 0,1,2,3,4 have the form (8), and
X = ($0,$1,$2,$3)Ty and le = (y?,y},y?,y?)T are the
input and output column-vectors, respectively.

The flow graph of the algorithm for joint computation
of five 4-point Williamson-Hadamard transforms @ ; X, i =

0,1,...,4is given in Figure 1.
o - — — 1 yg
| >@\ |
— 1
1 Y
| — 1 o
QoX | J -
Z2 e yg
| = < |
2 3
s -— ] - H = — — — — — 1 Yo
r—rQT"rT-"1T--"—-—-—- — — | 0
Zo —'l %l | ¥
— 1
31 T n
01X | % .
) \j7—l— Y1
z3 l \:'_l y?
e e o = = = = = 4+ —
r- - - - - - - = | T 1 0
To —lo [ 3 - | Yo
@ . B
Q2X
T2 — L ! y%
o . I,
3 . T Y2
r— - - — — — — T °
o —I——o . —ol— Y3
n . —
Q3 X
2 —l—o L | yg
. -,
——— *
3 - N Y3
r— - - — — = = = rl T = °
o —IC ) — ' Ya
1 —|—0 * f ydl'
QaX
2 —1—0 . —0—1— UZ
| -,
s - - — — . _ _C ] Y4

Fig. 1. Flow graph for the joint Q; X transforms, i = 0,1, ...,4

The joint computation of 4-point transforms @ ; X, i =
0,1,...,4 requires only 12 addition/subtraction operations.
Note that the separate calculation of Q);, j = 0,1,...,4 re-
quires 40 addition/subtraction operations.

Really, from Figure 1 we can check that the transform
Qo X requires 8 addition/subtraction operations, and the
transform @, X requires 4 addition/subtraction operations.
We can see also that the joint computation of all 4-point
transforms @Q; X, i = 0,1,...,4 requires only 12 addi-
tion/subtraction operations.

Now we give a detailed description of 36-point block
Williamson-Hadamard fast transform algorithm.

Example 4.1: 36-point fast Williamson-Hadamard trans-
form using 396 operations.

Input : vector-column Fs = (f;)32

Q2

o and blocks @, @1 and
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A(Q07 Q17 QZ)

1

A(Qo,Q1,Q2)
l |
|| QoXe N1
I

I

1| @1Xe
1

I

1 Qaxs K1
t
Lo 1

Fig. 2. Flow graphs of 36-dimensional v ectors Y;, i = 0,1, ...

computation

A(Qo, Q1,Q2)

Ys

Q1 Xs
—Q2Xs
Q1Xs

—Q1Xs
—Q1 X8

Q1 Xg
—Q2Xs
Q1Xs
QoXs

2)
2

Yy
1X1
QoX1
Q1.X1
—Q2 X1
Q1X1
—Q1X4
—Q1X4
Q1Xy
—Q2.X/

Ys
Q1X3
—Q2 X3
Q1X3

QoX3
Q1X3

—Q2X4
Q1X3
—Q1 X3

—Q1X3

Step 1. Split vector Fs into 9 parts as FL =

(Xg, X, ., X{), where X[ = (fai, fair1, faive, faivs),
i=0,1,..8

Step 2. Compute the vectors Y;, 7 = 0,1, ..., 8, as shown in
Figure 2.

Note that the subblocks A(Qo, @1, Q2)in Figure 2 can be
computed using the scheme in Figure 1.

Step 3. Evaluate the vectorY = Yy + Y + - -+ + Y.

Output : transform coefficients, i.e. vector Y.

As we have seen from the fast algorithm of 4-point
Williamson-Hadamard transforms (see Figure 1), the joint
computation of the transforms Qo X;, @1 X; and Q. X; re-
quires only 12 addition/subtraction operations. From (8) we
can see that only these transforms are there in each vec-
tor Y;. Hence, for all these vectors it is necessary to per-
form 108 operations. Finally, the 36-point Hadamard trans-
form requires only 396 addition/subtraction operations, but
in the case of direct computation it would require 1260 addi-
tion/subtraction operations.

Note that we have developed a fast Walsh-Hadamard
transform algorithm without knowing the existence of
Williamson-Hadamard matrices. We can speed up this algo-
rithm if we would know a construction of these matrices.
The first block-rows of the block-cyclic block-symmetric
(BCBS) Hadamard matrices of Williamson type of order 4n,
n = 3,5, ...,25 can be found in [2,16].

V. Williamson-Hadamard Transform on
Add/Shift Architectures

In this section we describe add/shift for Williamson-
Hadamard transform.

Denoting by Z1 =21 + T2 + T3, 29 = 21 — Xg, and USing
(8), we can calculate Y; = (v?, 9}, v7,y?) = Qi X as:

0 1
Yo = 21 + o, Yo = 22 — 212,

2 _ 3 _ )
Yo = 22 — 213, Yo = 22 — 2x1;

Y =y — 23, yi = 2o,

yi =g — 21, yi = yo — 2x1;
ys = —ui, Y3 = —y3,

y3 =, Ys = yi;

ys =i, ys = —yi,

Y3 =2 = -y, Yy = —u;
yi=—-2=-y, yi =y,

vi =i, yi = —ui.

It is easy to check that the joint 4-point transforms com-
putation requires less operations than their separate compu-
tations. The separate computations of transforms @ X and
(1 X require 14 addition/subtraction operations and 6 one-
bit shifts, but for their joint computation it is necessary only
10 addition/subtraction operations and 3 one-bit shifts.
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So, using this fact, the complexity of the fast Williamson-
Hadamard transform will be discussed next.

VI. Multiplicative Theorem Based
Williamson-Hadamard Matrices

In this section we describe of Williamson-Hadamard matri-
ces constructions based on the following multiplicative theo-
rem.

Theorem 6.1: (Multiplicative Theorem [14]) Let there ex-
ist Williamson-Hadamard matrices of orders 4m and 4n.
Then there exist Williamson-Hadamard matrices of order
4(2m)in,i =1,2,...
Theorem 6.2: Let there exist Williamson matrices of order
n and Hadamard matrix of order 4m. Then there exists a
Hadamard matrix of order 8mn.

The prove of Theorems 6.1 and 6.2 is presented in Ap-
pendix.

Algorithm 6.1: Generation of Williamson-Hadamard ma-
trix of order 8mn from Williamson-Hadamard matrices
of orders 4m and 4n.

Input : Williamson matrices A, B, C, D and Ag, By, Co, Do
of orders m and n, respectively.

Step 1. Construct matrices X and Y as

x_1(A+B C+D
“2{c+D-4A-B)

Y:1<A—B c_D> (1)

2\-C+D A-B
Step2.Fori = 1,2, ..., k construct recursively the following
matrices
Ai=A41 X +Bi1®Y,
Bi=Bi_1®X -A4;,_1®Y,
Ci=Cie1i®X+Di_1 ®Y,
Di=D; 19X —-C;_19Y.

Step 3. For i = 1,2,...,k construct the Williamson-
Hadamard matrix as

(12)

Ai Bi C; D,
-B; Ai -D; C;

-C; D; A; -B;

-D; =C; B; A;

Output: Williamson-Hadamard matrices [WH];, i =
1,2, ..., k.

Example 6.1: Construction of Williamson matrices.
Using Williamson matrices of order 3 and 5 from the Ex-
ample 2.1 and (11), we obtain

(WH]; =

a)forn = 3:
+00+ —— 0++000
0+0—+ — +04+000
100+ —-—-+ _|++0000
X= +———00’Y_ 0000+ +
- +-0-0 000+0+
- -+ 00 - 000++0

b) for n=5:
+————=4+0000
4 -~ —04000
4=~ 00+00
— — 4+ -000+0
v_|----+0000+
+0000—++++
0+000+—+++
00+00++—++
000+0+++—+
0000 +++++—
000000+ —-—+
00000+0+——
00000—-+4+0+ -
00000 —-—-—+0+
y_l00000+-—+0
" 10-4+4+-00000
- 0-4+4+00000
+-0-+00000
++-0-00000
-++-000000
Now |etA0:(].), BOZ(].), C():(].), DOZ(].)

and A = (+++),B=C =D = (+ — —) be cyclic
symmetric matrices of order 1 and 3, respectively. Then, from
the equation (12), matrix we obtain Williamson matrices of

order 6, i.e.
A C B D
A1:A3:<D_B>7 A2:A4:<C_A>7
++4++ - -
++4+ -+ -
T e S
e A R ——
-+ -+ -+
+ - —+ - -
N
_+____
___+____
LetAO:(1),30:(1),00:(1),1)0:(1) and A =
B=+--=--),C=H++—-=4),D=(+—-++-)

be cyclic symmetric matrices of order 1 and 5, respectively.
Then, from the equation (12), we obtain Williamson matrices
of order 10, i.e.

- ——— 4+ ——+
— == - -
—— - = —+++-
—— - -+ ++
————t - —++
A1:A3: )
F-++- —++++
—+—++ +—+++
F-+-+ ++-—++
-+ = +++ -+
—++ -+ ++++-
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- —= 4+ -++-
-+ - = -+ -++
- -+ - = 4+ -4+
+-—+ - ++-—+-
-+ - -+ —++-—+
Ay =Ay =
t+-—+ —++++
tH+ - 4+ -+ ++
— 4+ - -+ +
— =+ 4+ -+
- —++ A+t

VII. Multiplicative Theorem Based Fast

Williamson-Hadamard Transforms

In this section we present a fast transform algorithm based in
Theorems 6.1 and 6.2. First we give an algorithm of genera-
tion of Hadamard matrix based on Theorem 6.2.

Algorithm7.1: Generation of Hadamard matrix via Theo-
rem 6.2.

Input : Williamson matrices A, B, C' and D of order n and
Hadamard matrix H; of order 4m.

Step 1. Construct the matrices X and Y according to (11).
Step 2. Construct Hadamard matrix as
P=X®H +Y ® Sy, Hy, (13)

where S,,,, is a monomial matrix with conditions: S} =
_S4my S4mSZm - I4m-

Output Hadamard matrix P.
Example of a monomial matrix of order 8 is given below

0 0

SO0 OO O+
o000 | oo o
oo ooOo+ oo
oo | cooco o
oo+t ococooo
| coocococo o

cooc oo o |
o+ ocoococooo

Algorithm 7.2: Fast transform with matrix (13).

Input vector-column FT = (fi, f2, ..., fsmn), and Hada-

mard matrix P from (13).

Step 1. Perform P as

Step 2. Split vector F'as F' = (F1, F», ..., F»,), where F; =
(famG—1)+1> fam(i—1)+25 > Fam(i—1)+4m)-

Step 3. Compute the transform Q; = H 1 F;,i = 1,2, ..., 2n.
Step 4. Split vector Q@ = (Q1,Q2,...,Q2,) Into 4m 2n-
dimensional vectors as @ = (Py, Ps, ..., Py, ), Where

Pj = (f2n(j—1)+17 f2n(j—1)+27 ) f2n(j—1)+2n)-

Step 5. Compute the transforms X P; and Y P;.

Output : transform coefficients.

Let us give an example of computation of transforms X F'
and YF (F = (f1, f2,--, fs)), where A, B, C, D are
Williamson matrices of order 3, and X and Y from the Ex-
ample 2.1. First we compute

fi+ fa—(fs + fo) fot fs

fo+ fs = Ef4+f6; it f3

_ f3+f6 fa+ fs A+ S
XE= —fa—(fo+ f3) VI = fs+ fe (15)

fz—fs (fr + f3) fa+ fe

fs—fo—(fr+ f2) fat fs

From (15) it follows that the joint computation of X F" and
Y F requires only 18 addition/subtruction (see Figure 3).

-1 / XF
5

Fig. 3. Flow graph of joint computation of X F'and Y F'
Then, from (14), we can conclude that the complexity of
PF transform algorithm can be obtained by
C(24m) = 48m(2m + 1).

Note, that if X, Y are matrices of order k defined by (11),
H,, is an Hadamard matrix of order m, and S,,, is a mono-
mial matrix of order m, then for any integer n

Hppr =X @ Hyppn—1 +Y @ Spppn—1Hyppn—1 - (16)
is an Hadamard matrix of order mk™.
Remark7.1:ForA=B=C=D =
x=(t+ 00 .AndifH2:<i +) then the

+ - Y= 00
matrix (16) is the Walsh-Hadamard matrix of order 2n + 1
[1].

Algorithm 7.3: Construction of Hadamard matrices of or-
der m(2n)*.

Input: Williamson matrices A, B,C, D of order n and
Hadamard matrix of order m.

(1) from (11) we have

Step 1. Construct matrices X and Y according to (11).
Step 2. Construct the matrix Happm = XQHp,+Y @S Hp,.
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Step 3.Ifi < k, theni « 7 + 1, Hm(zn)i — Hm(zn)i+1,
Sm(zn)i = Sm(an)i+1, and go to the Step 2.
Output : Hadamard matrix H , (ap,)» -

Let us represent a matrix H .~ as a product of sparse ma-
trices.

Hmk" = (X ® Imlc"_1 + Y & Smk"_l)(‘[k ® Hmk"_l)

= Al(Ik & Hmknfl).

Continue this factorization process for all matrices

H,pn-i,5=1,2,...,n, we obtain

Hppn = AjAs - Ay (Iin @ Hpy), (17)

where

A; :Iki—l@(X@Imkn—i+Y®Smkn—i), 1=1,2,...,n.

Example 7.1: Let H,,, be a Hadamard matrix of order m, and
X and Y have the form as in Example 2.1, and let F =
(fi)%™ be an input vector. Then we have a Hadamard matrix
of order 6m of the form

Like in (17), we have Hg,,, = A; (I ® H,,), Where A; =
X®I,+Y®S,,and

I, 0 0 I, —I,—I,
0O I, 0 —I, I, —I,
XxXIm= | 1 1 _I. 0 0
I, I, —I, 0 —I, 0
I Do In 00 I/
0 S,5, 0 0 0
S, 0S5, 0 0 0
S. S, 0 0 0 0
YoSn=1749 09 0 0 8,8,
00 08, 0345,
00 08,5, 0

The input column-vector is represented as F =
(F1, Fs, ..., Fs), where F; is an m-dimensional vector.
Now we estimate the complexity of transforms

HomF = Ay (Ig @ Hy)F
=4 'diag{HmFl,HmF2,...,HmFG}. (19)

Denote T' = (I ® H,,)F. Computing A; T, where T' =
(Ty, ..., Ts), from (18) we obtain

T + Ty —(
T2-|-T5—(
T3+T6—(T4+T5
(
(

Yo L) =\p 1,

(20)

Y ®Sn)T =

From (19) and (20) it follows that the computational com-
plexity of transform Hg,,, r iS

C(Hem) = 24m + 6C(H,y,),

where C(H,,)is a complexity of an m-point Hadamard
transform.

VIII. Complexity and Comparison

A.  Complexity of block-cyclic block-symmetric WIliamson-
Hadamard Transform

Since every block-row of block-cyclic block-symmetric
Hadamard matrix contains block @, and other blocks are
from a set {Q1, @2, @3, Q4} (see Appendix), it is not dif-
ficult to find that the complexity of the block Williamson-
Hadamard transform of order 4n can be obtained from the
following formula

C(Hypn) = 4n(n + 2).

From representation of a block Williamson-Hadamard ma-
trix we can see that some of block pairs are repeated.

Two block sequences of length & (K < n) in
the first block row of block Williamson-Hadamard ma-
trix of order 4n (-1)P'Q;, (=1)P2Q;, ..., (—1)P*Q; and
(~1)2Qj, (~1)®Qj, ., ()% Q; (i,j = 0,1,2,3,4),
where p;,q: € {0,1} and for all ¢t = 1,2,..,k
g = P&, OF q¢ = Pt (i = 0,6 = 1), we call
cyclic congruent circuits if dist[(—1)PQ;, (—=1)P+1Q;] =
dist[(—1)%Q;, (-1)#+ Q] forallt = 1,2,...,k—1, where
d’LSt[AZ,A]] = ] —i,for A= (Al):il

For example, in first block row of the block-cyclic block-
symmetric Hadamard matrix of order 36 there are 3 cyclic
congruent circuits of length 2. These circuits are underlined
as

QOaﬁa_Z%a &7 _le _Qh&a _:Q27 &

With this observation, one can reduce some operations in
summing up the vectors Y; (see Step 3 above example and
corresponding ?ow graphs).

Let m be a length of the cyclic congruent circuits into
block-row of the block-cyclic block-symmetric Hadamard
matrix of order 4n, t,, be a number of various cyclic con-
gruent circuits of length m, N,,, ; be a number of cyclic con-
gruent circuits of type j and length m. Then the complexity
of the Hadamard transform of order 4n takes the form

m tm

O, (Hap) = 4n(n—|—2—22 > (N —1)(i - 1)). (21)

i=2 j=1

The values of parameters n, m, t,,, N, ; and the com-
plexity of the Williamson type Hadamard transform of order
4n are given in the following table 1.

Thus, the complexity of the block Williamson-Hadamard
transform can be calculated from the formula

C* =2n(2n + 3), Ch = 3n,

where C'* is a number of addition/subtractions, and C'*" is a
number of shifts.
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Table 1.
No. 4n m ta N o Cr (Han) direct comp.
1 12 60 132
2 20 140 380
3 28 2 1 2 224 756
4 36 2 1 3 324 1260
5 44 2 1 2 528 1892
6 52 3 1 2 676 2652
7 60 2 3 3,2,2 780 3540
8 68 2 2 2,3 1088 4558
9 76 2 3 2,4,3 1140 5700
10 84 2 3 2,2,5 1428 6972
11 92 2 3 4,2, 2 1840 8372
12 100 2 3 2,7,2 1850 9900

Now, using repetitions of additions of vectors Y; and the
same notations as in the previous subsection (see equation
(21)), the complexity of Williamson-Hadamard transform
can be presented as

Cr = 2n(2n+3— 2%%(1\7%]- - 1)(i - 1)),

=2 j=1
C*h =3n

Formulas of complexities of the fast Williamson-
Hadamard transforms without repetitions of blocks and with
repetitions and shifts, and their numerical results are given in
formula (22) and in Table 2, respectively,

C =4n(n + 2),
m  tm
C, = 4n(n +2-23" 5 (N — 1) - 1)),
=2 j=1
C* =2n(2n +3),
h (22)
C*" = 3n,
m  tm
+ .
Cf = 2n(2n +3-23 3 (N — 1) - 1)),
i=2 j=1
Ch = 3n.
Table 2.
No. | 4n c c* e | ¢, c: direct
comput.
1 12 60 54 9 60 54 132
2 20 140 130 15 140 130 380
3 28 | 252 | 238 21 224 | 210 756
4 36 396 378 27 324 306 1260
5 44 572 550 33 528 506 1892
6 52 780 754 39 676 650 2652
7 60 1020 990 45 780 750 3540
8 68 1292 | 1258 51 1088 | 1054 4558
9 68 1292 | 1258 51 1020 986 4558
10 76 1596 | 1558 57 1140 | 1102 5700
11 84 1932 | 1890 63 1428 | 1386 6972
12 | 92 | 2300 | 2254 | 69 | 1840 | 1794 | 8372
13 100 | 2700 | 2650 75 1900 | 1850 9900

B. Complexity of Hadamard transform from multiplicative
theorem

Recall that if X, Y are matrices from (11) of order k and H,,,
is an Hadamard matrix of order m, then the Hadamard matrix

constructed recursively

Hmk" =X® Hmk"—l +Y® Smk"_lek"_ly

can be factorized as

Hmk" - A1A2 - ‘An(Ik" b2y Hm)a

where

A=l @ (X @ Iypn—i +Y ® Spppn—i)-

(23)

Let us now evaluate the complexity of a transform

HpnF, F

r = (fhf%"':fmk")'

First, we find the required operations for transform A ; P,

PT = (p1>p2> "')pmk")-

Represent PT = (P, P, ..., Pi—1), where

mkn—it1

P = ((j — 1)mkmiH t) :

andj =1,2,..., k1.

Then, from (23), we have

A;P = diag{(X ® L,ypn-i +Y ® Spupn—:) P, ooy

s (X @ T ppn—i +Y ® Spppn—i ) Pri—1 }

(24)

Denote the complexities of transforms X @ and Y@ by
Cx and C'y, respectively. We have

Cx < k(k—1),

Cy < k(k —1).

n
From (24) we obtain the complexity of transform [] A;P,

(CX +Cy + k‘)mnkn_l.

i=1

Table 3.
Hn Complexity
Hn = X = H,
(see Remark 7.1) m+ 1)2°* 1

Walsh-Hadamard

(Cx + Cy + k)mnk® '+
+k"m log, m .

BCBS Williamson-Hadamard:
a) with block repetition

b) with block repetition and
congruent circuits

c) with block repetition

and shifts

(Cx + Cy + K)mnk® ™ 1+

+k'm (%

+ 2)
(Cx + Cy + k)mnk® '+
+k"m (% + 2-

r tr

-2 Ny5-1)@E- 1))

i=2 j=1
(Cx + Cy + K)mnk® '+
+ k7B (B4 3)

n 3m
k 4

d) with block repetition and
congruent circuits,

and shifts

(Cx + Cy + k)mnk® ™ *+
nm m
+ k755 + 3-
r tr

Ny5-1)d- 1))

i=2 j=1
n 3m
k 4
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Hence, the total complexity of transform H .~ F' is
C(Hpin) < (Cx + Cy 4+ E)mnk™ ! + k"C(H,,),

where C'(H,,)is a complexity of m-point Hadamard trans-
form.

For a given matrices X and Y we can compute the exact
value of C'x, C'y, and therefore we can obtain the exact com-
plexity of the transform. For example, for & = 6, from (15)
we see that Cx + Cy = 18, hence m6™-point Hadamard
transform requires only 24mn6"~! 4+ 6nC(H,,) operations.

IX. Conclusion

Three new efficient algorithms of 4¢-point (¢ is a ‘arbi-
trary’ integer number, for which there is a construction of
a Hadamard matrix) Williamson-Hadamard transforms com-
putation are developed. The design algorithms are based on
block representation of Williamson-Hadamard matrices, on
multiplicative theorem, and on iterative constructions.

Using the structures of the existing Williamson matri-
ces the computational complexity of the developed algo-
rithm is greatly reduced. Williamson-Hadamard transform
algorithms on add/shift architectures are also described. The
complexity of developed algorithms are demonstrated. Com-
parative estimates revealing the efficiency of the proposed
algorithms with respect to the known ones are given. The re-
sults of numerical examples were presented.

Appendix

Proof of Theorem 6.1. Let A, B, C, D be Williamson ma-
trices of order m. Introduce (0, £1)-matrices X, Y of order
2n

x_1(A+B C+D
~2\C+D-4-B)"

A-B C-D
—-C+D A-B)"

One can check that matrices X, Y satisfy the conditions

|

(25)
Y =

ML

X oY =0, ©isaHadamard product,
XyT =vXxT7,

. . (26)
X Y isa(£1)-matrix,

XXT+vYT =2ml,.
Let Ay, By, Co, Do be Williamson type matrices of order
n. Introduce the matrices
A=A 19X +Bi_1 ®Y,
B;i=B; 19X -4, 1Y,
Ci=Ci,iX +D;_1 ®Y,
Di=D; 19X —-C;_19Y.
Prove that for any natural number i A;, B;, C;, D; are

Williamson type matrices of order (2m)in. From the formu-
las (27) for i = 1 we obtain

A AT =4)AT 9 XXT + BB o YYT
+ AoBf ® XY' + BoAT @ YXT,

(27)

BB] =ByBl @ XXT + ApAl o YYT
— BoAT @ XYT — AoBl 2 YXT.

Taking into account conditions (25) and (26) and summa-
rizing last expressions, we find

A1 AT + BiB] = (A0AL + BoBY) @ (XXT +YYT).
Similarly, it turns out that
C,CT + D.DT = (CoCT + DeDT) @ (XXT +YYT).

Now, summarizing last two equations and taking into ac-
count that Ay, By, Co, Dy is a Williamson type matrices of
order n, and X and Y satisfy to conditions (26), we have

A AT + B B! + 0,CT + D, DT = 8mnIspn.

Let’s prove now equality 4, Bf = B; AT. Really, from
(27)
AB] =A¢BJ @ XXT — AgAl @ XYT
+ByBl @ YXT - BAT 0 YYT,
B AT =ByAT @ XXT + ByBL @ Xxv7T
— A AT oY XT —ABl 2 YYT.
Comparing both expressions, we conclude, that A; Bf =
By AT Similarly, it can be shown, that PQ” = Q PT, where
P,Q € {A,B,C,D}. Thus, the matrices A, By, Cy, D,
are Williamson type matrices of order 2mn.
Now we assume that the theorem is correct for k = i >
1, i.e. Ay, By, Cr, Dy are Williamson matrices of order
(2m)*n. Let’s prove, that A;, 1, Bi11, Ciy1, Diyq are also
Williamson matrices. Let’s check up only the second condi-
tion of the equation (25). Compute

A Al =4 AT @ XXT + A;Bf @ xYT
+BAl o YXT + BBl @YY,
BB, =B;Bf ® XXT - B;AT ® XYT
— 4B o YXT + 4,AT o VYT,
Ciy1ClL, =CiCl @ XX + ;D] @ XY™
+D,Cf ovX" + D;Df @YY,
DD =D;DT @ XXT - D,CcT & Xy
-Ci D oYXT + 0l o vYT.
Summarizing the obtained equations, we find
Ai Al + BB + -+ Di DY
= (LA + -+ D;DH o (XXT +YYT). (28)

Since A;, B;, C;, D; are Williamson matrices of order
(2m)in, and the matrices X, Y satisfy to conditions (26),
then the equation (28) has a form

A1 Al + Bia Bl + -+ Dipa DYy =
= 4(2m)i+1’l’LI(2m)i+1n.
S4,m iS @ monomial matrix with condition S4Tm = —Sum
and H; is a Hadamard matrix of order 4m.

Thus, P = X ® H; +Y ® Sy, H; is a Hadamard matrix
of order 8mn.
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