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Abstract — The aim of this paper isto define a (4,2)-semigroup
automaton on free (4,2)-semigroup, with special attention on
(4,2)-formal languages recognizable by them.
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I. Introduction

Our goal in writing this talk is to examine a (4,2)-formal
language and to proof some properties about them. In that
means, we are given an example.

I1. (4,2)-Semigroups and (4,2)-Semigroup
Automata

Here we recall the necessary definitions and known results.
From now on, let B be a nonempty set and let (B,-) be a
semigroup, where - is a binary operation.

A semigroup automaton is a triple (S, (B, ), f), where
Sisaset, (B,-)isasemigroup,and f : S x B — S isamap
satisfying

f(f(s,2),y) = f(s,2,9), @

foreverys € S, z,y € B.

The set S is called the set of statesof (S, (B, ), f) and f
is called the transition function of (S, (B, -), f).

A nonempty set B with the (4,2)-operation { } : B* — B?
is called a (4,2)-semigroup iff the following equality

{{zyzttuv} = {zy{ztuv}} @

is an identity for every z, y, 2, t, u, v € B. Itis denoted with
the pair (B, {}).

Example 1: Let B = {a,b}. Then the (4,2)-semigroup
(B, {}) is given by Table 1.

This example of (4,2)-semigroup is generated by an appro-
priate computer program.

A (4,2)-semigroup automaton is a triple (S, (B, {}), f)
where S is a set, (B, {}) is a (4,2)-semigroup, and f : S x
B? — S is a map satisfying

f(f(s,2,y),2,1) = f(s,{xyzt}), 3)

foreverys € S, x,y,2,t € B.
The set S is called the set of statesof (S, (B,{}), f) and
f is called the transition function of (S, (B, {}), f).
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2.1% Let (S,(B,-),) be a semigroup automaton. Then
(S, (B,{}), f) is a (4,2)-semigroup automaton with (4,2)-
operation {} : B* — B? defined by {zyzt} = (v -y - 2, 1)
and the transition function f : S x B2 — S defined by

f(s,x,y) :f(s,x-y). (21

2201 S, (B, {}), f) is a (4,2)-semigroup automaton, then:
i) (B2, *) is a semigroup, where the operation * is defined
by (z,y) * (u,v) = {xyuv} for every (z,y)(u,v) € B?;
(ii) (S, (B2, *),%) is a semigroup automaton, where the
transition function ¢ : S x B? — S is defined by

e(s, (2,9)) = f(s,2,y). (2D

Example 2: Let (B,{}) be a (4,2)-semigroup given by
Table 1 from Example 1 and S = {sg,s1,s2}. A (4,2)-
semigroup automaton (.S, (B, {}), f) is given by Table 2 and
the graph in Fig. 1. This example of (4,2)-semigroup automa-
ton is generated by computer.

I11.  Free (4,2)-Semigroups and (4,2)-Semigroup
Automata on Them

Let B be a nonempty set. We define a sequence of sets
By, B1, ..., Bp, Bpt1, ... by induction as follows:

By = B. Let B, be defined, and let A, be the subset of
B, of all the elements u} 2%, u, € B, s > 1. Define B,
tobe B,11 = B,|J A4, x {1,2}.

Let B= |J B,.Thenu € Biffu € Boru= (u3"2% )

p>0
forsome u, € B,s > 1,i € {1,2}.
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Table 2. (4,2)-Semigroup

f (a,a) (a,b) (b,a) (b,b)
S Sq Sy S S
S Sy Sy S S
Sy Sy Sy Sy Sy

(b,a)

Fig. 1. (4,2)-semigroup automaton

Define a length for elements of B,i.e.amap||: B - N
(IV is a set of positive integers) as follows:

1% Ifu € B, then |u] = 1;

20 I1fu = (u2t2%4), then |u| = |uy|+|ua|+- - -+ |uzsa.

By induction on the length we are going to define a map
¢:B — B.Forb € B, letp(b) = b. Letu € Band suppose
that for each v € B with |v| < |ul, ¢(v) € B and

(1) If p(v) # v, then [p(v)] < [v];

(2) p(p(v)) = o (v).

Letu = (u2%2%4). Then, for each o, p(u,) = v, € B

is defined, |o(uq)| < Juq| and (p(uq)) = e(uq). Letv =
(i "2, ).

(i) If for some a, u, # vq, then |v,| < |uql, and so,
|v] < |ul. In this case let p(u) = ¢(v).

Because |v| < |u, it follows that ¢(v) is defined, and
moreover, (1) and (2) imply that

lp(w)| = le@)] < fv| < |ul, p(u) # wand
ep(u) = ple(v) = p(v) = p(u).

(ii) Let u,, = v, for each a. Then u = v. Suppose that
there is j € {0,1,...,2s} and » > 1, such that u;y, =
(wi"2 i) for each v € {1,2} and let  be the smallest such
j. Inthis case, let

p(u) = pluiwi™ufE? i)
Because |(ufwi™ ?u;¥t?,i)| < |u] it follows that o (u) is

well defined, and moreover, (1) and (2) imply that
p(u) #u, |p(u)| <lul and  p(p(u) = (u).
(iii) If p(u) cannot be defined by (i) or (ii), let p(u) =
In this case,
plp(u)) =pu) =u and [p(u)] = |ul.

The above discussion and (i), (ii) and (iii) complete the
inductive step, and so we have definedamap ¢ : B — B.
Moreover, we have proved the following:

Lemma:

(@) Forb € B, p(b) =b;

(b) Foreachu € B, |¢(u)| < |ul;

(c) Foru € B, if o(u) # u, then |p(u)| < |ul;

(d) Foreach u € B, p(p(u)) = ¢(u). [ ]
Now, let Q = (B). By Lemma (d),

Q ={ufu € B,p(u) = u}.
Defineamap [ ]: Q* — @2, by [u}] =
o(uf,i) foreachi € {1,2}.
Because u; € @, it follows that (uf,i) € B, and so
o(uf,i) € Q foreachi € {1,2}. Hence [ ] is well defined.
Theorem: (Q,[]) is a free (4,2)- semigroup with a basis

B. ([1D

(v}) & v =

Let S, (B, {}), f) be a (4,2)-semigroup automaton.
Now, we define a sequence of maps g, 1, ..., ¢¥p,
Yp+1, ... Tor a sequence of sets By, By, ..., Bp, Bpt1, ... by

induction as follows:
o : By — By with 1g(b) = b, foreach b € By;
’g[}l : B — By with ’(/)1 (b?,’L) = {b?}z,
'¢J2 : BQ — B() with ’(/)2 (U,{L,'L) = {’g[}l (ul)...¢1 (’U,n)}z,
1/;,, B, — Bo with ¢, (u?, i) = {tp-1(u1)...¥0p1 (un) }i;

Because B — U By, we defineamap ¢ : B — By with
p>0

Y(u) = ¥, (u) foru € B and |u| < p. Now we will prove
that ¢ is well defined. If
w= (uf (i, i) (Wit i) ul i3 d),

_ 2425, 242t -
v = (ujwj Ur+3al)

and ¢(u) = p(v), we have to prove that ¢ (u) = ¥ (v). We
have
() = ¢p(u

) =
= Yy (uf (wi ™7, i0) (Wi in)ur i3’ i) =
= {¢p 1 () thpr () s (WFP i1 )by (W] i)
Vp1 (Urgs) - Vp1 (Uzg2e) }i =
= {¢p1 (u1)- P (ur ) {thp2(w1) - hpo (wapas) iy -
{%H (wl)---i/hﬁ (w2+2s)}i21/lml (Ur+3)---1/JV1 (U2+2t)}i =
= {p—1(u1).-p—1(ur)tp—1(w1)..1Vp—1 (w2 25)
l/)p—l(Ur+3)---¢p—1(uz+2t)}i,

Also,
V() = Yp(v) = ¢p(“1w%+28u$i§tai) =
= {¢p1 (1) - Ppa (wr)Ppa (W) Pp1 (wr2s)
Vp1 (Urys) - Vp1 (Uzg2e) i
Hence 1 (u) = (v). On the other hand, Q = ¢(B), so it

follows that the restriction of ) on @ is well defined.
Now again, we define a sequence of maps o, 71, ..., Tp,

Tp+1, ... TOr a sequence of sets By, By, ..., By, Bpt1, ... by
induction as follows:
70 : S X B — S with (s, u,v) = f(s,u,v);

71 : S x B — S with

7'1(8, (U?,i), (’Uf)])) = f(S,i/Jl(U?,i),’(/)l(Uf,j));
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73 : S x B3 — S with

TQ(Sv (U?,l), (’Ufa])) = f(S,QﬂQ(U?,i),’QZJQ(Uf,j));

7p 1S x B} — S with
TP(Sa (U’?vl)v (’Uf:])) = f(S,’lbp('U/{L,’L.),’lbp(Uf,j))-

Now we define a map 7 for the sequence of maps
T0y TLy ey Tps T 15 - BY 72 S x B% — S, so that T|B, =T
and

7(s, (uf,3), (v1, ) = 7p(s, (uf, ), (vf, 5)) =
= f(5,9p(W)1",0),9, (v1,§)) = f (5,9 (uf, i), (vF, 1))
Because ¢ is well defined, it follows that 7 is well defined.
On the other hand, Q = ¢(B) so ¢ denotes the map @ :
S x Q% — S defined by

(s, (ui,0), (v1, 7)) = 7(s, (uf', ), (vf, 7)) =
- f( 1/’(“1, ),¢(Uf,J))

Moreover, (S, (Q,[]),®) is a (4,2)-semigroup automaton,
where (Q,[]) is a free (4,2)-semigroup with a basis B.

IV. Recognizable (4,2)-Languages

Any subset L,(*:?) of the universal language Q* = U, >, Q”,
where @ is a free (4,2)-semigroup with a basis B, is called a
(4,2)-language (formal (4,2)-language) on the alphabet B.

A (4,2)-language L(%? C Q* is called recognizable if
there exists:

(1) a (4,2)-semigroup automaton (S, (B,{}), f
the set S is finite;

(2) an initial state sq € S;

(3) asubset T C S such that

L(4v2) = {'LU - Q*|¢(SO, (w7 1)? ('LU, 2)) € T}’

where (S,(Q,[ 1),®) is the (4,2)-semigroup automa-
ton constructed above, for the (4,2)-semigroup automaton
(5,(Q.{ 1), ).

We also say that the (4,2)-semigroup automaton
(S,(Q,{ 1), f) recognizes L(*?), or that L(*?) is rec-
ognized by (S, (Q,{ }), /).

Example 3: Let (S,(Q,{ }),f) be a (4,2)-semigroup
automaton given in Example 2. We construct the (4,2)-
semigroup automaton (.5, (@, [1), @) for the (4,2)-semigroup
automaton (S, (@, { }), f).

A (4,2)-language L*?), which is recognized by the (4,2)-
semigroup automaton (.S ,( ,[1), @), with initial state s, and
terminal state s, is

), where

L2 = {w € Q" |w = wyws...way,
where

nog >4, uy
wl:{(ulal)an_ , U EQ

Jef1,2, ...
(a*b*)* {

' q}, >3

and:
a) If i = 1, then:

al) (uf, 1) = a, where

Yp—1 (1) tpp—1(up) = ala U ) (a'd?)",
a2) (ul,1) = b, where

Yp—1(u1).-tbp_1(uy) = bla U b)(a'd’)*;
b) If i = 2, then
bl) (u},2) = a, where

Ppa (1) Py (un) = (ba)*
b2) (ul,2) = b, where
(u

Yp1 (). Py (un) = (ab)*
where t + j = 2k, t,j € {0,1,

Yp(w)...1hp(wq) =
= (ba)*(bbU a(aUb))((aUb)(aUD))" =
(ba)*(aa U ab U bb)(aa U abU ba U bb)*}.

4.1° Let L(*?) be a (4,2)-language on the set B rec-
ognized by (4,2)-semigroup automaton (S, (Q[ ]),#). Let
(S,(Q,[ 1), @) be a (4,2)-semigroup automaton eith initial
state so and a set of terminal states T C S. Then LD C
L(*2) for any language L(*?), which is recognized by the
semigroup automaton (.S, (Q2, %),+) with the same initial
state and the same set of terminal states, where ¢ : Sx Q2 —
S is a transition function defined by (s, (u,v)) = @(s, u,v)
and LY = {w|w € LZD},

Proof: L(*2) is a recognizable (4,2)-language on the set B
by the (4,2)-semigroup automaton (.S, (@, []), ¢) with initial
state s and a set of terminal states 7' C S, so

L™ = {w € Q*|@(s0,w) € T}.

By Proposition 2.2°, (S, (Q?,*),%) is a semigroup au-
tomaton. It recognizes a language L (*:") with a same initial
state so and a same terminal states 7' C S, so it is of the form

L&Y = {w € (@*)"|¢(s0,w) € T}.
Letw € LV, It follows that w € (Q2)* and +(sp,w) €

U (a(a Ub)(a't’)"\(ab)™),

U (b(a U b)(a'b?)*\(ba)™),
2,..}, k> 1, and finally

T. That
95(307 (u~}, 2)7 (u~}7 2)) = (/_J(So,w) = 111(50,10) eT.
Thus @ € L(42 je. L2V C [(42), [

4.2° Let LY be a recognizable language on the set B by a
semigroup automaton (S, (B, || ||), £) with an initial state s
and a set of terminal states 7" C S, and (S, (B,{ }), f) be a
(4,2) semigroup automaton constructed by a semigroup au-
tomaton (S, (B, ]| ||), &) Let f : S x B? — S be a transition
function defined by f(s,z,y) = &(s,x,y). Then L1 C
L*2) where L(*?) is a recognizable (4,2) language on the
set B by the (4,2)-semigroup automaton (S, (@, [ ]), ¢) with
initial state so € S and a set of terminal states T" C S.

Proof: A language L (> is recognizable by a semigroup
automaton (S, (B, || ||), &) with an initial state s € S and a
set of terminal states T C S, so

L®Y = {w € B*|¢(s0,w) € T}

By Proposition 2.1° (S, (B,{ }), f) is a (4,2)-semigroup
automaton. We construct a (4,2) semigroup automaton
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(S,(Q,[1),p), where Q = o(B)and @ : S x Q> — S V. Conclusion

is a transition function defined by

@(s, (yit,i), (vF,5)) = @p(s, (ul, i), (vF,5)) =
= f(sa [ﬂ?]i’ [ﬁf]l)a
where
Yp(ul'y i) = [Yp—1(u1)..thp—1(un)li = [@f];,
Pp(vf,§) = [p—1(v1)--p—1(vp)]; = [0F];

It follows that a recognizable (4,2)-language L (+:2) on the
set B by (4,2) semigroup automaton (S, (@, []), @), with ini-
tial state sg € S and a set of terminal states 7" C S is of the
form

L% = {w € Q*|@(s0,w) € T}.
Letw € LY and |w| > 2. Then
@(s0, (w, 1), (w,2)) = @(s0, w) = &(s0,w) € T.
Thusw € L*2) je L2V C [(+2), [ |
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The results was given in this paper, are of the scientific inter-
est, because there was defined a (4,2)-languages as a con-
sequence of the generalization of the semigroup automata
in case (4,2). Also, here was given the connection between
(2,1)-languages and (4,2)-languages..
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