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Abstract— Exponential lossless transmission line as two port
network is observed in the paper. Its ABCD parameters are de-
termined using Picard-Carson's method. Conversion of ABCD
parameters to scattering parameters is also done. Scattering pa-
rameters are plotted using program package Mathematica 3.0.

Keywords—Scattering parameters, ABCD parameters, Expo-
nential transmission line, Picard —Carson method.

l. INTRODUCTION

Scattering parameters are important in microwave design
because they are easier to be measured and to work with at
high frequencies than other kinds of two port network pa-
rameters [1].

In the paper [2] formulas for conversions between various
networks matrices are presented. While four of these matrices,
Z,Y, h and ABCD, relate voltage and current at the ports, the
other two, S and T, relate wave quantities. The equations de-
veloped in [2] are valid for complex and unique impedances
on input and output ports.

Relationships presented in paper [3] between different two
port network matrices are valid for homogeneous transmission
line.

Author of the paper [4] comments relationships between
various two port network matrices presented in paper [3] and
in other presented papers and points out that results depend on
the chosen reference impedance.

The scattering parameters of a lossless, exponential trans-
mission line are studied in detail both in frequency and time
domains [5]. Time domain scattering parameters are obtained
by taking the inverse Laplace's transform of their correspond-
ing functions in frequency domain. By taking the causality
condition into consideration, the time domain scattering pa-
rameters in a rapid convergence power series are cast. Each
term of the power series represents a signal component gener-
ated by the exponential line when the signal travels around
trip.

A new approach for the time domain simulation of tran-
sients on a dispersive and lossy transmission line terminated
with active devices is presented in [6]. The method combines
the scattering matrix of an arbitrary line and the nonlinear
causal impedance functions at the loads to derive expressions
for the signals at the near and far ends. A time domain formu-
lation is proposed using the scattering matrix representation.
The algorithm assumes that dispersion and loss models for the
transmission lines are available and that the frequency de-
pendence is known.

Conversion from ABCD parameters to scattering parameters
is performed in this paper. The scattering parameters for
lossless exponential transmission line are determined using

given expressions. ABCD parameters of transmission line are
calculated using Picard-Carson's method.

Il. SCATTERING PARAMETER FORMULATION

Any linear two port network can be described as a set of
scattering parameters which relate two reflected and two inci-
dent waves. These waves are variables, which depend on the
total currents and voltages at the two ports.

Scattering parameters are defined as,

by =Sy a, + 355, a,, )
b, =S, &+, @y, (2
where a;,a,,b, and b, are defined as the incident and re-
flected waves from Port 1 and Port 2, respectively. Sij, for

i, j=1, 2, are the scattering parameters.

In generally, they tell us how much power "comes back™ or
"comes out" when we "throw power at" a network. They also
contain phase shift information.

S;1 and S,, are simply the forward and reverse reflection
coefficients with the opposite port terminated with reference
impedances, which are equal to the characteristic impedances
of the exponential line at left and right sides, respectively. S,,

and S,, are the forward and reverse gains assuming reference

impedances equal to characteristic impedance of the exponen-
tial line at left and right sides, respectively.

The signal flow graph in Fig. 1 gives the situation for the
scattering parameter interpretation in voltages.
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Fig. 1. Two port network represented with scatter-
ing parameters.
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ABCD parameters for a two port network shown in Fig. 2
are written as

IL=CU,-DI,. 4)
A relation between the ABCD parameters of a lossless

exponential transmission line and the associated scattering
parameters can be derived.
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Fig. 2. A general two port network.

If we assume that reference impedances at Port 1 and Port 2
are pure real and equal to characteristic impedance of the ex-

ponential line at left and right sides, R,; and R,,, respec-
tively, we can start from relations

a;=,/Ro; 1 ®)

and

where R, j Is the reference impedance for the j -th port [2],

[3..
I

] -th port, so

and | jr are the incident and reflected currents for the

r

Io=1..—1. @)
and

where U ji and U jr are the incident and reflected voltage at
the | -th port.
After substitution of relations (5), (6), U j; =1;; - Ry; and

j
U, =I

jr jr

i r

“Ry; into (7) and (8) we obtain

1
I =—=—la,-b,) ©
0j
These equations are used as the starting equations for con-
version from ABCD parameters to scattering parameters.

Substituting (9) and (10) into (3) and (4), we get the follo-
wing expressions for the scattering parameters:

ARy, + B+CRy,R,, + DRy,
_ 2(AD-BC)JRyRy, 12
¥ ARy, +B+CRyRy, + DRy, |
. _ N -
2" ARy, + B+CRyRy, + DRy,
and
— AR, +B—CR,R,, + DR
822 — 02 01"‘02 01 . (14)

ARy +B+CRy Ry, + DRy

Unlikely ABCD parameters, scattering parameters are
dependent upon the source and load impedances.

I1l. ABC D PARAMETERS OF DISTRIBUTED NETWORKS

To describe the voltage and current behaviour on the non-
uniform transmission line, we have Telegraph's equations:

w =-2Z(x,9)I(s, x) (15)
and
WZ_Y (x,5)U (s, x), (16)

where Z(X, s): r(x)+ | (X)S is serial impedance and
Y(x, s)=g(x)+c(x)s is the shunt admittance per unit
length of the distributed network. r(x), I(X), g(x) and C(X)
are unit length resistance, inductance, admittance, and capaci-
tance, which are functions of position X, for a nonuniform
line.

In this paper a successive approximation method, Picard-
Carson's method is used to solve transmission line equations
(15) and (16). This method is a powerful method in getting a
power series solution for the distributed network [7].
Picard—Carson's method solves ordinary differential equations
by an iterative sequence

U, =U, —jOXZ(x, sI.,(x,s)dx and
1, =1, —J'OXY(x,s)Jn,l(x,s)dx,

for n=1,2,3,..., where U, and |, are the voltage and current
at the input port, x=0, Fig. 3.

17)

(18)

Fig. 3. Transmission line and model of elementary
line length.

Since the terms inside the integrals are continuous and
bounded, the sequences will converge to the true solutions

U(s,x)=limU,(s,x) (19)
. AX—50
I (s,x)=lim I_(s,x). (20)
Equations (17) and (18) mayA Xl:)—ezowritten in the form of
U(s,x)=U, — JOXZ (x,5)1(s,x)d x, (21)
1(s,x)=1, —JOYY (x,5)U (s,x)d x.. (22)

Using Picard—Carson's method we can show these solution
in the form of two port parameters [7],
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U(S’X):UOZCZn_IOZCZM—l (23)
n=0 n=0
I(S’X):UOEWZMl - IOEWZn : (24)

n=0 n=0

From equation (23) and (24), the ABCD parameters are:

AX)=D Vo BX)=D o (29
n=0 n=0

C(X): Z\Vzw and D(X): ZCZn : (26)
n=0 n=0
To start iteration, we can choose
Co=1 and v, =1, 27

as initial values. The other terms in the summations are found
by evaluating the following integrals iteratively:

Co=],Zy,,dx (28)

and

Vi ZJOXY Cn—ldx' (29)

IV. ABCD PARAMETERS OF LOSSLESS TRANSMISSION LINE

For example of Picard—Carson's method we consider a loss-
less exponential transmission line of known characteristic im-
pedance,

Zc(x,8)=2Zco e, (30)

. 1, Z |
with k=== and Z., = |->,
co Co
where Z.pand Z., are the characteristic impedances of the
exponential line at the left (source) and right (load) sides, re-
spectively. 1, and c, are the inductance and capacitance per

unit length. Z(x,s)=1,5e** and Y(x,s)=c,se™** are se-
rial impedance and the shunt admittance per unit length of the
line.

Starting from (27) and using equations (28) and (29), a few
first terms of series are

G 00="2 1), v ()= e 1),

(0= - 6+ k),
T )

Gl )—IO :§s3 (2—2e"x+(1+e"X x),
va)=- " et o e k)

l,7c,%s* (1
g, =%[3+E(—6e“+ 22+ K x)+ k2 xz)

2.2
W, =|°l(i—oétsl‘(3+%<—6€‘“—2(2+e‘“)<x)+e“X k?x?

3.2
Cs =I"(l:<—°5sk—)(—6+%(12e“—6(1+e“)<x)+ (e —1k?x?

IOZCO355 1 —k x -k x k x 2 2
v, = (6+2(—12e —6(1+e " K x)+ (e —1k? x

5 k5

After substitution these terms into (18) and (19), we obtain
the ABCD parameters.

V. RESULTS FOR SCATTERING PARAMETERS

In this paper, we consider an exponential transmission line,
which is used as impedance transformer from Z., =100Q

to Zoy =400€Q [5]. If the length of transmission line is

d =0.5m then k will be k =0.5753641.
For chosen transmission line ABCD parameters are

A(d)=§w2n(d)=1+wz Y, Y s

~1+ (;.11(51)2 +0.0023(st)* +0.000019(s7)°,
B(0)= 2o (0)=Gy + G+ Lo =
~Zg [0.;;951+0.024(51)3 +0.0003(st)® +1.79x10°° (st)’ |
C(d)=§0\|f2n+1(d)=w1 Yy Yy Y, s

~ zi [0.4351:+O.018(54:)3 +0.00023st) +1.34x10° (51)7]

CO
and

D)= 3,8an (0)=1+ Lo + o+ Lo o
~1+0.14(st)* +0.0029(st)* +0.000025(s7)° .

where T is time rise,
T=4/1,Cy . (31)
Comparing to the first term in the given series, the high

order terms can be neglected. In order to simplify the expres-
sion, we focus on the first three terms of A and D parame-

ters and the first two terms of B and C parameters. After

substitution of given values of ABCD parameters into
(11)—(14), we obtain approximate values for the scattering
parameters in Laplace's domain. The time domain scattering

parameters S, ; (t) are the inverse Laplace's transforms of the
frequency domain scattering parameters. This gives

Sij(t): Lﬁl[sij(s)l (i, =1 2).

where L™ represents the inverse Laplace's transform.

(32)
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The inverse Laplace's transform of scattering parameters is
done in program package Mathematica 3.0 in this paper. Scat-
tering parameters are plotted using the same program. All re-

sults are calculated for impedance ratio Zy / Zo =4.
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Fig. 4. Time domain scattering reflection
coefficient s, (t)

Figs. 4 and 5 show the time domain input and output re-
flection coefficients S;, (t) and S, (t) respectively. These
magnitudes are always less than 1. The steady state values of
Sll('[) and s,, (t) are zero.
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Fig. 5. Time domain scattering reflection
coefficient S,, (t)
In the Fig. 6 the reverse transmission coefficient s,, (t) is

plotted and forward transmission coefficient 821(t) in the
Fig.7.
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Fig. 6. Time domain scattering coefficient S;, (t)
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Fig. 7. Time domain scattering coefficient s, (t)

We can conclude that according to (25) and (26), if we
carry out the iteration for infinite times, scattering parameters
will thus contain infinite number of terms a power of s . These
parameters are directly related to the moments of the function.
In this paper we only make use of first four poles. So these
results depend on number of chosen terms and on used pro-
gram package.

V1. CONCLUSION

The Picard—Carson's method of determining the parameters
of the general distributed two port network is used as a practi-
cal method for obtaining ABCD parameters of the two port
network of nonuniform transmission line in this paper. The
scattering parameters are obtained using formulas, which are
obtained by conversions from ABCD parameters. ABCD para-
meters are approximated by first a few terms (of first four
poles) of a series. Obtained scattering parameters are plotted
using program package Mathematica 3.0.
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