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(5, 2) - Formal Languages

Violeta Manevska', Donco Dimovski®

Abstract — The aim of this paper is to define a (5,2)-semigroup
automata on free (5,2)-semigroup, with a special attention on
(5,2)-formal languages recognizable by them.
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I. INTRODUCTION

Our goal in writing this talk is to examine a (5,2)-formal
language and to proof some properties about them. In that
means, we are given an example.

1. (5,2)-SEMIGROUPS AND (5,2)-SEMIGROUP
AUTOMATA

Here we recall the necessary definitions and known results.
From now on, let B be a nonemty set and let (B,") be a
semigroup, where - is a binary operation.

A semigroup automaton is a triple (S, (B,), f), where
S isaset, (B,) is asemigroup,and f:SxB—>S isa
map satisfying

f(f(s,x),y)=1(s,x-Y), (1)
forevery Se S,X,yeB.

The set S is called the set of states of (S, (B,), f) and
f is called the transition function of (S, (B,"), ).

A nonempty set B with the (5,2)-operation
{}:B® - B? is called a (5,2)-semigroup iff the following
equality
{0} = DG} = O {xs a3 = {63 )
is an identity for every X, X,, X3, X,, X5, Xg, X7, Xg € B It
is denoted with the pair (B,{ }).

Example 1: Let B ={a,b}. Then the (5,2)-semigroup
(B,{}) isgiven by Table 1.

This example of (5,2)-semigroup is generated by an
appropriate computer program.

A (5,2)-semigroup automaton is a triple (S, (B,{}), )
where S is a set, (B,{}) is a (5,2)-semigroup, and
f :SxB* > SxB isamap satisfying

F(F(s.x),y0) = T8 Y.} y7) =
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=fs 006y ) = s x.06vd).  ®
forevery S€ S, X, X,, X3, X, Y1, Y,, Y3 €B.

TABLE 1
(5,2)-SEMIGROUP
{1}
aaaaa (a,a)
aaaab (a,a)
aaaba (a,a)
aaabb (a,a)
aabaa (a,a)
aabab (a,a)
aabba (a,a)
aabbb (a,a)
abaaa (a,b)
abaab (a,b)
ababa (a,b)
ababb (a,b)
abbaa (a,b)
abbab (a,b)
abbba (a,b)
abbbb (a,b)
baaaa (b,a)
baaab (b,a)
baaba (b,a)
baabb (b,a)
babaa (b,a)
babab (b,a)
babba (b,a)
babbb (b,a)
bbaaa (b,b)
bbaab (b,b)
bbaba] (bb
bbabb (b,b)
bbbaa] (bb)
bbbab (b,b)
bbbba] (bb
bbbbb (b,b)

The set S is called the set of states of (S,(B,{}), )
and f is called the transition function of (S, (B,{ }), ).
2.1% Let (S, (B,"), @) be a semigroup automaton. Then
(S,(B,{}), ) isa(5,2)-semigroup automaton with (5,2)-

operation { }: B®> — B? defined by
{X].S}: (Xl Xy Xy X41X5)

and the transition function f :SxB* — S x B defined by
F(5,%') = (@(8, %, - X; - Xg}, X,) - =
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2.2° 1 (S,(B,{}), f) is a (5,2)-semigroup automaton,
then for every c € B:

i) (BZ, <) is a semigroup, where the operation
defined by (X, ¥)*, (u,v) ={xycuv}
(X,y),(u,v) € B?;

(ii) (S,(B?,*,),w) isasemigroup automaton, where the

* *

c

every

is

for

transition function 1 : S x Bx B> — S x B is defined by

w((s,a),(xy)) = f(s,a,xy,c). =
Example 2: Let (B,{}) be a (5,2)-semigroup given by

Table 1 from Example 1 and S ={s,,S,,S,}. A (52)-

semigroup automaton (S, (B,{ }), f) is given by Table 2

and the graph in Fig. 1.
This example of (5,2)-semigroup automaton is generated by
computer.

TABLE 2
(5,2)-SEMIGROUP AUTOMATON
f So S S,
aaaa (51,8) (s1,a) (s2,2)
aaab (51,8) (s1,8) (s2,2)
aaba (51,8) (s1,8) (s2,8)
aabb (51,8) (s1,8) (s2,2)
abaa (s,,b) (s1,2) (s2,@)
abab (S2,b) (s1,8) (s,2)
abba (s2,b) (s1,8) (s2,8)
abbb (s2,b) (s1,8) (s2,2)
baaa (51,2) (s2,2) (s2,b)
baab (S1,8) (s,8) (S2,b)
baba (51,8) (s2,8) (s2,b)
babb (51,8) (s2,8) (s2,b)
bbaa (s,,a) (s2,b) (s2,b)
bbab (s2,8) (s2,b) (S2,b)
bbba (s2,8) (s2,b) (s2,b)
bbbb (52,8) (s2,0) (s2,b)

ll. FREE (5,2)-SEMIGROUPS AND (5,2)-
SEMIGROUP AUTOMATA ON THEM

Let B be a nonempty set. We define a sequence of sets

By, Biies Bp, Bp+l,... by induction as follows:

B, =B.

Let Bp be defined, and let Ap be the subset of Bp of all
the elements U;***, u, € B ,s>1. Define B, to be
B,.=B, VA, x{1,2}.

Let B= uon. Then ueB iff ueB or

px
u=(u/**,i) for some u, € B,s>1ie{l2}.
Define a length for elements of §, ie. a map

| | :B — N ( N isaset of positive integers) as follows:

Fig. 1 (5,2)-semigroup automaton

1° If u € B, then |u|:1;

2018 U= (U0, then [u] =[uy |+ uy|+ ...+ Uy,

By induction on the length we are going to define a map
9:B—>B.ForbeB,let ¢p(b)=b.Let ueB and

suppose that for each vV € B with |V| < |u| , p(v) € B and

(1) If (V) # v, then |p(v)| <|V|;
2 (V) =p(v).

Let U= (u”**,i). Then, foreach cz, p(u,) =V, € B
is defined, |(0(ua)| < |ua| and @((u,))=¢(u,). Let
v=(v2%0).

(i) If for some «, U, #V,_, then |Va| < |ua|, and so,
|V| < |u| . In this case let p(u) = p(v) .

Because |v| < |u| , it follows that (V) is defined, and
moreover, (1) and (2) imply that

()| =|eMv)| < < |u] ,@(u) # u and

p(p(u)) = p(e(V)) = 9(v) = p(u).

(i) Let u, =V, foreach «. Then U = V. Suppose that
thereis j €{01,...,3s} and r >1, such that
u,, = (W™2,i) foreach v € {1,2} and let t be the
smallest such ] . In this case, let

oU) = Ui “uZ% ).
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3r+2,,3s+2
Wl ut+4 1

Because ‘(u; I)‘ < |u| it follows that ¢(U) is
well defined, and moreover, (1) and (2) imply that
p(u) = U, jp(u)] <|u| and p(e(u)) = p(u).

(iii) If @(u) can’t be defined by (i) or (ii), let @(u) =u.
In this case, @(¢(u)) = @(u) =Uu and |¢)(u)| = |u| :

The above discusion and (i), (ii) and (iii) complete the
inductive step, and so we have defined amap @ : B—>B.
Moreover, we have proved the folloing:

Lemma: (a) For b e B, ¢(b) =b;

(b) For each U € B, |(p(u)| < |u|;

(c)For u € B, if @(u) # U, then |(/)(u)| < |u| ;

(d) Foreach U € B, p(p(u)) = p(u).

Now, let Q = @(B). By Lemma (d),

Q={u|ueB,p)=u}.

Defineamap [ ]:Q° — Q? by [uf]: (v})
&V, = (U, i) foreach i € {1,2}.

Because U; € Q, it follows that (u?,i)e B ,andso

p(u;,i) € Q foreach i €{1,2}. Hence [ ] is well defined.

Theorem: @ [ ]) is a free (5,2)- semigroup with a basis
B |

Let (S,(B,{}), f) be a(5,2)-semigroup automaton.
Now, we define a sequence of maps
WorWirens W W pigsee for a sequence of sets
By:Biy-n Bp, B
W, - By = By with y,(b) =b, foreach b € By;
w1 B, — By with y, (b, i) ={b'}; ;
v, 1B, = By with y, (U, 1) ={y, (Uy) ...y (u,)};

ps1+-++ DY induction as follows:

v, B, > B, with
o (Ul ={wp (U).y (U

Because B = Y B, we define amap v : B — B, with
p>

w(u)=yw, () forue B and |u| < p. Now we will prove
that i is well defined. If

U= (U] (Wi ) (s u st ),
V= (uw s )

and @(u) = @(Vv), we have to prove that y(u) = w (V).
We have

p(U) =y, (U) =
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= ‘//p(ulr (W12+3s ’ il)(W12+3s ' iz)urzizstvi) =
:{Wp—l(ul)"'l//p—l(ur)l//p—l(WZL2+38’il)l//p—l(W12+3s’i2)

Vo (Up,3)- p-1 (Upa)bi =
={y o1 () (U (W) (W )}i1
v, (W), o (W, g )}i2 Woa(Upg) 1 (Uga)
={y,a(U). Uy (W) (W, 50)

Vo (Upi3)- p-1 (Upa)}i-

Also,
p(v) =y, (V) =y, U w o ulsi) =
={y o U)o Uy (W) g (W5 )
Vo (Upi3)- p-1 (Upa)}i-
Hence 1 (u) = (V) . On the other hand, Q = (B), so it

follows that the restriction of {7 on Q is well defined.
Now again, we define a sequence of maps

Tor Tpsees Tpa Tpygyen for a sequence of sets

B,,B,,..B,,B

7, :Sx By = Sx B, with 7,(s,x;) = f(s,%);

p+11++- Dy induction as follows:

7, :Sx B — SxB, with

1))

7, (5, (uyg iy), (U™, 1), (U™, i), (U™ 1)) =

F (s, p (Us® 1)y (U5 1) s (U5 g )y (U i)
7, :SxB; = SxB, with

7, (s (Ut 1y, (U 1), (us® ), (ugg™ i) =

f(s,p, (Uffllvil)'V/Z(Uzzlaz1i2)vV/2(U331a3’is)v‘//z(U:fAv
7, :Sng — Sx B, with

7, (S, (Usst 1), (U321, (U3 i), (UG i) =

f (Sv‘//p (Ulllal ' il)’Wp (Uzzla2 ' iz)v'//p (sz’lw3 ' i3)’lr//p (Uf1a4 i

Now we define amap 7 for the sequence of maps

Ty Typeens Tps T .byr:8x§4—>8x§,sothat

p+lree

7|g,=7, and

i), (u
1oy |
11

f(s,y, (U
f(s,w(u

1oy
1

3a,
31 !

») (U

2a, i
21

i
) (U3
i)y, (U
7 i),w(u

11

day
41

5) (U

3oy
31 0

z(s, (u 2), (U ®,13), (U

3ay |
31

z)aV/p(u
2)1‘//(usa3

31

i4)) =
iy =
i)y, (ug

i),y (Ul i

41

7,(s,(u

loy
1 1

4))=
4))-

2a, |
21 1



Because i is well defined, it follows that 7 is well
defined. On the other hand, Q = @(B) so @ denotes the
map @ :SxQ* — SxQ defined by

Bs, Ul i), (U2 1,), (U3 1a), (U2 1)) =
=7(s, (ullf1 ), (uzzfl2 d,), (u??fB Jg), (uifA 0,)) =
= f (SvW(ullfl ' il)"//(uzzlm2 ' iz)v‘//(l'lg’fl3 ' i3)1W(Uj{Z4 1g)) -
Moreover, (S,(Q,[ ]),g?) is a (5,2)-semigroup automaton,
where (Q,[ ]) is a free (5,2)-semigroup with a basis B .

IV. RECOGNIZABLE (5,2)-LANGUAGES

Any subset L®? of the universal language Q" = UQ P
p=1

where Q is a free (5,2)-semigroup with a basis B , is called a
(5,2)-language (formal (5,2)-language) on the alphabet B .

A (5,2)-language L®? < Q" is called recognizable if
there exists:

(1) a (5,2)-semigroup automaton (S, (B,{}), f), where
the set S is finite;

(2) an initial state S, € S ;

(3)asubset T < S such that

L ={we Q" | (sy, (W), (w,2) e T},
where (S,(Q,[ 1),®) is the (5,2)-semigroup automaton
constructed above, for the (5,2)-semigroup automaton

(S,(B,{}). ).
We also say that the (5,2)-semigroup automaton
(S,(B,{}), f) recognizes L®? or that L®? s

recognized by (S,(B,{}), ).

Example 3: Let (S,(B,{}),f) be a (5,2)-semigroup
automaton given in Example 2. We construct the (5,2)-
semigroup automaton (S, (Q,[ ]),@) for the (5,2)-

semigroup automaton (S, (B,{}), ).

A (5,2)-language L®?, which is recognized by the (5,2)-
semigroup automaton (S, (Q,[ ]),®), with initial state S,

and terminal state (S;,) is

L(S'Z)={WEQ*|W:W1W2---Wq: q=5, where
u,,i), n>5,u
WI = ( ]; *)* “ EQ y I 6{1’21"'1q}'and:
(@b)

a) Ifi=1,then:
al) (u,1) =a, where
V1 (U)o, 1 (U,) =a(aub)ab'a’)’
a2) (u,1) =b, where

v,oa(Uy)..w,,(u,) =baub)(a'b'a")’
b) If i = 2, then:
b1) (u;',2) =a, where
v,a(Uy)..w,,(u,)=(aub)a(@b'a")’,
b2) (u;',2) =b, where
,oa(Uy)..w,,(u,)=(aub)b(a'b'a")",
and y,(W,)..,(W,) =(aub)a(aub)?*(a'b'a")’,
fort+1+h=3k, t,1,he{012,..}, k>1,
q=3k+4 }.

4.1° Let L®?be a (5,2)-language on the set B
recognized by (5,2)-semigroup automaton (S, (Q,[ 1), ).

Let (S,(Q,[ 1),®) be a (5,2)-semigroup automaton with
initial state S, and a set of terminal states T xC < SxB.

Then XL@Yc c L®? for each xeQ and for any
language L(Z’l), which is recognized by the semigroup
automaton (S xQ,(Q?*,),r) with an initial state
S's=1(Sy,X), a set of terminal states T xC, where
w:SxQxQ? > SxQ is a transition function defined
by w((s,X),y>)=@(s,X,y,c) for ceQP and p is
the least non-negative integer, such that 2+ p =0(mod 3) ,
and L®Y = {W|we L®},

Proof: L®? isa recognizable (5,2)-language on the set B
by the (5,2)-semigroup automaton (S,(Q[ ]),(ﬁ) with an
state S, and a set of
TxCcSxB", so

L®? ={we Q" | w=wW,..W,,, q>1 and

ACY (W13q+2 1), (W13q+2 '2)ll//p—1 (W3q+3)! Vo (W3q+4 )=
ACY Vo (W), (qu+3 1), (qu+3 2), Vo (W3q+4 ) =
P (S0 0 5 a (W) w75 (W), (W54.0), (W5,2)) e TxC 3.

By Proposition 2.2°, (S xQ,(Q?,*,),w) is a semigroup

initial terminal  states

automaton. It recognizes a language L®Y with a set of initial
states S’y = (S, X) and a set of terminal states T xC , so it
is of the form

L% ={we (Q%)" |w(s',, W) e T xC}.

Let We L&V _ It follows that w € (Q?)” and
w(s'y,W)eT xC .But S'y=(S,, X), so

5(50, X, (W), (W,2),¢) = F(S,, X, W,C) =

=y ((3,X), W) = (5, W) e TxC
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Thus xwc e L&? ie. xL®Y¢c < L®? | [
4.2° Let L®Y pea recognizable language on the set
B by a semigroup automaton (S, (B,|| ||),§) with an initial

state S, €S and a set of terminal states T < S, and

(S,(B{}),f) ©be an

constructed by a semigroup automaton (S,(B,” ||),§) Let

(5,2)-semigroup  automaton

f:SxB* —>SxB is a transition function defined by
F(s.x) = (s, [} %) Then L®Pac L2, for

each a € B, where L®? s a recognizable (5,2)-language
on the set B by the (5,2)-semigroup automaton
(S,(Q,[ ]),(7) with an initial state S; €S and a set of

terminal states T x{a}.

Proof: A language L®Y is recognizable by a
semigroup automaton (S,(B,” ||)§) with initial state
S, €S and a set of terminal states T < S, so

L% ={we B |&(s,,W) e T}.

By Proposition 2.1°, (S,(B,{}), f) is a (5,2)-semigroup
automaton. We construct an (5,2)-semigroup automaton
.Q[ Do), Q=¢(B)  and
?:SxQ* = SxQ isatransition function defined by

P (s, (Ut 1y), (Uzr®i,), (U5 i), (U™ 1)) =
= F(s.pp (Ui 1) Wy (U™ i)y, (U 1), (U7 1))

It follows that a recognizable (5,2)-language L52 on the
set B by (5,2)-semigroup automaton (S, (Q,[ 1), @), with
initial state S, € S and a set of terminal states T x{a} is of
the form

L®? ={we Q" | w=wW,..W,,,, =1 and

where

P(Sg, (W), (wy**2 2 51 (Wag )W 1 (Wag4)) =
= (S, Voa (W), (W§q+3 1), (qu+3 2), Vo (W3q+4 ) =
= @S0, ¥ (W), vy (W), (W™ 1), (w5",2)) e T C 3.
Let we L&Y, |W| >30+3ie W= Wf‘”s, q>1 and
a e B.Then
P (S0, (W, ,0), (W2, 2), y7 3 (Wag.5), @) =
= (S, (W,)) = (&(s,,W),a) € T x{a}.
Thus wa e L®? je L®Ya < L®? u

V. CONCLUSION

The results was given in this paper, are of the scientific
interest, because there was defined a (5,2)-languages as a
consequence of the generalization of the semigroup automata
in case (5,2). Also, here was given the conection between
(2,1)-languages and (5,2)-languages.
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