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(5, 2) - Formal Languages 
Violeta Manevska1, Donco Dimovski2 

 
Abstract – The aim of this paper is to define a (5,2)-semigroup 

automata on free (5,2)-semigroup, with a special attention on 
(5,2)-formal languages recognizable by them. 
 

Keywords -  (5,2)-semigroup, (5,2)-semigroup automaton,  
(5,2)-language 
 

I. INTRODUCTION 
 

Our goal in writing this talk is to examine a (5,2)-formal 
language and to proof some properties about them. In that 
means, we are given an example. 
 

II. (5,2)-SEMIGROUPS AND (5,2)-SEMIGROUP 
AUTOMATA 

 
Here we recall the necessary definitions and known results. 

From now on, let B  be a nonemty set and let ),( ⋅B  be a 
semigroup, where ⋅  is a binary operation. 

A semigroup automaton is a triple )),,(,( fBS ⋅ , where 
S  is a set, ),( ⋅B  is a semigroup, and SBSf →×:  is a 
map satisfying 

),()),,(( yxsfyxsff ⋅= ,            (1) 
 for every Ss ∈ , Byx ∈, . 

The set S  is called the set of states of )),,(,( fBS ⋅  and 
f  is called the transition function of )),,(,( fBS ⋅ . 

A nonempty set B  with the (5,2)-operation 
25:}{ BB →  is called a (5,2)-semigroup iff the following 

equality 
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is an identity for every Bxxxxxxxx ∈87654321 ,,,,,,, . It 

is denoted with the pair }){,(B . 
  Example 1: Let },{ baB = . Then the (5,2)-semigroup 

}){,(B  is given by Table 1. 
 This example of (5,2)-semigroup is generated by an 
appropriate computer program. 

A (5,2)-semigroup automaton is a triple )}),{,(,( fBS  
where S  is a set, }){,(B  is a (5,2)-semigroup, and 

BSBSf ×→× 4:  is a map satisfying  

== )},{,()),,(( 3
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for every Ss ∈ , Byyyxxxx ∈3214321 ,,,,,, . 

The set S  is called the set of states of )}),{,(,( fBS  
and f  is called the transition function of )}),{,(,( fBS . 

2.10 Let )),,(,( ϕ⋅BS  be a semigroup automaton. Then 
)}),{,(,( fBS  is a (5,2)-semigroup automaton with (5,2)-

operation 25:}{ BB →  defined by 

),(}{ 54321
5
1 xxxxxx ⋅⋅⋅=  

and the transition function BSBSf ×→× 4:  defined by  

)},,((),( 4321
4
1 xxxxsxsf ⋅⋅= ϕ .        g 

TABLE 1 
(5,2)-SEMIGROUP 

{  }  
a  a  a  a  a (a,a) 
a  a  a  a  b (a,a) 
a  a  a  b  a (a,a) 
a  a  a  b  b (a,a) 
a  a  b  a  a (a,a) 
a  a  b  a  b (a,a) 
a  a  b  b  a (a,a) 
a  a  b  b  b (a,a) 
a  b  a  a  a (a,b) 
a  b  a  a  b (a,b) 
a  b  a  b  a (a,b) 
a  b  a  b  b (a,b) 
a  b  b  a  a (a,b) 
a  b  b  a  b (a,b) 
a  b  b  b  a (a,b) 
a  b  b  b  b (a,b) 
b  a  a  a  a (b,a) 
b  a  a  a  b (b,a) 
b  a  a  b  a (b,a) 
b  a  a  b  b (b,a) 
b  a  b  a  a (b,a) 
b  a  b  a  b (b,a) 
b  a  b  b  a (b,a) 
b  a  b  b  b (b,a) 
b  b  a  a  a (b,b) 
b  b  a  a  b (b,b) 
b  b  a  b  a (b,b) 
b  b  a  b  b (b,b) 
b  b  b  a  a (b,b) 
b  b  b  a  b (b,b) 
b  b  b  b  a (b,b) 
b  b  b  b  b (b,b) 
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 2.20. If )}),{,(,( fBS  is a (5,2)-semigroup automaton, 
then for every Bc ∈ : 
 i) ),*( 2

cB  is a semigroup, where the operation c*  is 

defined by }{),(*),( xycuvvuyx c =  for every 
2),(),,( Bvuyx ∈ ; 

 (ii) )),,*(,( 2 ψcBS  is a semigroup automaton, where the 

transition function BSBBS ×→×× 2:ψ  is defined by 
),,,,()),(),,(( cyxasfyxas =ψ .         g 

Example 2: Let }){,(B  be a (5,2)-semigroup given by 

Table 1 from Example 1 and },,{ 210 sssS = . A (5,2)-

semigroup automaton )}),{,(,( fBS  is given by Table 2 
and the graph in Fig. 1 .  

This example of (5,2)-semigroup automaton is generated by 
computer. 

TABLE 2 
(5,2)-SEMIGROUP AUTOMATON 

 
III. FREE (5,2)-SEMIGROUPS AND (5,2)-
SEMIGROUP AUTOMATA ON THEM 

 
Let B  be a nonempty set. We define a sequence of sets 

,...,,...,, 110 +pp BBBB  by induction as follows: 

BB =0 . 

Let pB  be defined, and let pA  be the subset of pB  of all 

the elements 1,,32
1 ≥∈+ sBuu p

s
α . Define 1+pB  to be 

}2,1{1 ×∪=+ ppp ABB . 

Let pp
BB

0≥
∪= . Then Bu ∈  iff Bu ∈  or 

),( 32
1 iuu s+=  for some }2,1{,1, ∈≥∈ isBuα . 

Define a length for elements of B , i.e. a map 
NB →: ( N  is a set of positive integers) as follows: 

 

Fig. 1 (5,2)-semigroup automaton 
 
10  If Bu ∈ , then 1=u ; 

20 If ),( 32
1 iuu s+= , then suuuu 3221 ... ++++= . 

By induction on the length we are going to define a map 
BB →:ϕ . For Bb ∈ , let bb =)(ϕ . Let Bu ∈  and 

suppose that for each Bv ∈  with uv < , Bv ∈)(ϕ  and 

(1) If vv ≠)(ϕ , then vv <)(ϕ ; 

(2) )())(( vv ϕϕϕ = . 

Let ),( 32
1 iuu s+= . Then, for each Bvu ∈= ααϕα )(,  

is defined, ααϕ uu ≤)(  and )())(( αα ϕϕϕ uu = . Let 

),( 32
1 ivv s+= . 

(i) If for some ααα vu ≠, , then αα uv < , and so, 

uv < . In this case let )()( vu ϕϕ = . 

Because uv < , it follows that )(vϕ  is defined, and 
moreover, (1) and (2) imply that 

 uuuvvu ≠<≤= )(,)()( ϕϕϕ
 
and 

 )()())(())(( uvvu ϕϕϕϕϕϕ === . 

(ii) Let αα vu =  for each α . Then vu = . Suppose that 

there is }3,...,1,0{ sj ∈  and 1≥r , such that 

),( 23
1 iwu r

j
+

+ =ν  for each }2,1{∈ν  and let t  be the 

smallest such j . In this case, let 

),()( 23
4

23
11 iuwuu s

t
rt +

+
+= ϕϕ . 

f s0 s1 s2 
a  a  a  a (s1,a) (s1,a) (s2,a) 
a  a  a  b (s1,a) (s1,a) (s2,a) 
a  a  b  a (s1,a) (s1,a) (s2,a) 
a  a  b  b (s1,a) (s1,a) (s2,a) 
a  b  a  a (s2,b) (s1,a) (s2,a) 
a  b  a  b (s2,b) (s1,a) (s2,a) 
a  b  b  a (s2,b) (s1,a) (s2,a) 
a  b  b  b (s2,b) (s1,a) (s2,a) 
b  a  a  a (s1,a) (s2,a) (s2,b) 
b  a  a  b (s1,a) (s2,a) (s2,b) 
b  a  b  a (s1,a) (s2,a) (s2,b) 
b  a  b  b (s1,a) (s2,a) (s2,b) 
b  b  a  a (s2,a) (s2,b) (s2,b) 
b  b  a  b (s2,a) (s2,b) (s2,b) 
b  b  b  a (s2,a) (s2,b) (s2,b) 
b  b  b  b (s2,a) (s2,b) (s2,b) 
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Because uiuwu s
t

rt <+
+

+ ),( 23
4

23
11  it follows that )(uϕ  is 

well defined, and moreover, (1) and (2) imply that 
uuuu <≠ )(,)( ϕϕ  and )())(( uu ϕϕϕ = . 

(iii) If )(uϕ  can’t be defined by (i) or (ii), let uu =)(ϕ . 

In this case, uuu == )())(( ϕϕϕ  and uu =)(ϕ . 
The above discusion and (i), (ii) and (iii) complete the 

inductive step, and so we have defined a map BB →:ϕ . 
Moreover, we have proved the folloing: 

Lemma: (a) For Bb ∈ , bb =)(ϕ ; 

(b) For each uuBu ≤∈ )(, ϕ ; 

(c) For Bu ∈ , if uu ≠)(ϕ , then uu <)(ϕ ; 

(d) For each Bu ∈ , )())(( uu ϕϕϕ = .       g 

Now, let )(BQ ϕ= . By Lemma (d), 

})(,|{ uuBuuQ =∈= ϕ . 

Define a map [ ] 25: QQ → , by [ ] )( 2
1

5
1 vu =  

),( 5
1 iuvi ϕ=⇔  for each }2,1{∈i . 

Because Qu j ∈ , it follows that Biu ∈),( 5
1 , and so 

Qiu ∈),( 5
1ϕ  for each }2,1{∈i . Hence [ ]  is well defined. 

Theorem: [ ]),(Q  is a free (5,2)- semigroup with a basis 
B .                       g 

Let )}),{,(,( fBS be a (5,2)-semigroup automaton. 
Now, we define a sequence of maps 

...,,,...,, 110 +pp ψψψψ
 
for a sequence of sets 

...,,,...,, 110 +pp BBBB  by induction as follows: 

000 : BB →ψ  with bb =)(0ψ , for each 0Bb ∈ ; 

011 : BB →ψ  with i
nn bib }{),( 111 =ψ ; 

022 : BB →ψ  with in
n uuiu )}(...)({),( 11112 ψψψ =  

M  

0: BBpp →ψ  with  

inpp
n

p uuiu )}(...)({),( 1111 −−= ψψψ  

M  
Because pp

BB
0≥

∪= , we define a map 0: BB →ψ  with 

)()( uu pψψ =  for Bu ∈  and pu ≤ . Now we will prove 
that ψ  is well defined. If  

),),)(,(( 32
32

32
11

32
11 iuiwiwuu t

r
ssr +

+
++= , 

),( 32
3

32
11 iuwuv t

r
sr +

+
+=  

 and )()( vu ϕϕ = , we have to prove that )()( vu ψψ = . 
We have 

== )()( uu pψψ
 

== +
+

++ ),),)(,(( 32
32

32
11

32
11 iuiwiwu t

r
ssr

pψ  

),(),()()...({ 2
32

111
32

11111 iwiwuu s
p

s
prpp

+
−

+
−−−= ψψψψ  

=+−+− itprp uu )}()...( 32131 ψψ  

...)}()...(){()...({
132212111 ispprpp wwuu +−−−−= ψψψψ      

=+−+−+−− itprpispp uuww )}()...()}()...({ 3213132211 2
ψψψψ

)()...()()...({ 32111111 spprpp wwuu +−−−−= ψψψψ  

itprp uu )}()...( 32131 +−+− ψψ . 
Also, 
 === +

+
+ ),()()( 32

3
32

11 iuwuvv t
r

sr
pp ψψψ  

)()...()()...({ 32111111 spprpp wwuu +−−−−= ψψψψ  

itprp uu )}()...( 32131 +−+− ψψ . 

Hence )()( vu ψψ = . On the other hand, )(BQ ϕ= , so it 
follows that the restriction of ψ  on Q  is well defined. 
 Now again, we define a sequence of maps 

,...,,...,, 110 +pp ττττ  for a sequence of sets 

...,,,...,, 110 +pp BBBB by induction as follows:
 

0
4
00 : BSBS ×→×τ  with ),(),( 4

1
4
10 xsfxs =τ ; 

 

1
4

11 : BSBS ×→×τ  with  

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
111

4221 iuiuiuius αααατ  
)),(),,(,),(),,(,( 4

4
4113

3
3112

2
2111

1
111

4321 iuiuiuiusf αααα ψψψψ
 

2
4
22 : BSBS ×→×τ  with  

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
112

4321 iuiuiuius αααατ  
)),(),,(,),(),,(,( 4

4
4123

3
3122

2
2121

1
112

4321 iuiuiuiusf αααα ψψψψ
 
M  

ppp BSBS ×→× 4:τ  with  

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuiusp
αααατ  

)),(),,(,),(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuiusf pppp
αααα ψψψψ

M  
 Now we define a map τ  for the sequence of maps 

,...,,...,, 110 +pp ττττ  by BSBS ×→× 4:τ , so that 

pBp
ττ =|  and 

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuius αααατ
=)),(),,(),,(),,(,( 4

4
413

3
312

2
211

1
11

4321 iuiuiuiusp
αααατ  

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuiusf pppp
αααα ψψψψ  

)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuiusf αααα ψψψψ . 
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Because ψ  is well defined, it follows that τ  is well 

defined. On the other hand, )(BQ ϕ=  so ϕ  denotes the 

map QSQS ×→× 4:ϕ  defined by 
 =)),(,),(),,(),,(,( 4

4
413

3
312

2
211

1
11

4321 iuiuiuius ααααϕ  
== )),(),,(),,(),,(,( 4

4
413

3
312

2
211

1
11

4321 iuiuiuius αααατ
)),(),,(),,(),,(,( 4

4
413

3
312

2
211

1
11

4321 iuiuiuiusf αααα ψψψψ= . 
Moreover, [ ] )),,(,( ϕQS  is a (5,2)-semigroup automaton, 

where [ ]),(Q  is a free (5,2)-semigroup with a basis B . 
 

IV. RECOGNIZABLE (5,2)-LANGUAGES 
 

Any subset )2,5(L  of the universal language U
1

*

≥

=
p

pQQ , 

where Q  is a free (5,2)-semigroup with a basis B , is called a 
(5,2)-language (formal (5,2)-language) on the alphabet B . 

A (5,2)-language *)2,5( QL ⊆  is called recognizable if 
there exists: 

(1) a (5,2)-semigroup automaton )}),{,(,( fBS , where 
the set S  is finite; 

(2) an initial state Ss ∈0 ; 

(3) a subset ST ⊆  such that 

}))2,(),1,(,(|{ 0
*)2,5( TwwsQwL ∈∈= ϕ , 

where )]),[,(,( ϕQS  is the (5,2)-semigroup automaton 
constructed above, for the (5,2)-semigroup automaton 

)}),{,(,( fBS . 
We also say that the (5,2)-semigroup automaton 

)}),{,(,( fBS  recognizes )2,5(L , or that )2,5(L  is 
recognized by )}),{,(,( fBS . 

Example 3: Let )}),{,(,( fBS  be a (5,2)-semigroup 
automaton given in Example 2. We construct the (5,2)-
semigroup automaton )]),[,(,( ϕQS  for the (5,2)-
semigroup automaton )}),{,(,( fBS .  

A (5,2)-language )2,5(L , which is recognized by the (5,2)-
semigroup automaton )]),[,(,( ϕQS , with initial state 0s  

and terminal state ),( 1 as  is 

,...|{ 21
*)2,5(

qwwwwQwL =∈=  5≥q , where 

⎪⎩

⎪
⎨
⎧ ∈≥

=
***

1

)(

,5),,(

ba

Quniu
w

n

l
α  , },...,2,1{ ql ∈ , and:  

a) If 1=i , then:  
a1) au n =)1,( 1 , where 

     *
111 ))(()(...)( hlt

npp ababaauu ∪=−− ψψ , 

a2) bu n =)1,( 1 , where 

*
111 ))(()(...)( hlt

npp abababuu ∪=−− ψψ        

b) If 2=i , then: 
b1) au n =)2,( 1 , where 

      *
111 )()()(...)( hlt

npp abaabauu ∪=−− ψψ ,  

b2) bu n =)2,( 1 , where 

      *
111 )()()(...)( hlt

npp ababbauu ∪=−− ψψ , 

and *2
1 )()()()(...)( hlt

qpp ababaabaww ∪∪=ψψ , 

for khlt 3=++ , ...},2,1,0{,, ∈hlt , 1≥k , 
43 += kq  } . 

4.10 Let )2,5(L be a (5,2)-language on the set B  
recognized by (5,2)-semigroup automaton )]),[,(,( ϕQS . 
Let )]),[,(,( ϕQS  be a (5,2)-semigroup automaton with 

initial state 0s  and a set of terminal states BSCT ×⊆× . 

Then )2,5()1,2(~ LcLx ⊆  for each Qx ∈  and for any 

language )1,2(L , which is recognized by the semigroup 
automaton )),,*(,( 2 ψcQQS ×  with an initial state 

),(' 00 xss = , a set of terminal states CT × , where 

QSQQS ×→×× 2:ψ  is a transition function defined 

by ),,,()),,(( 2
1

2
1 cyxsyxs ϕψ =  for pQc ∈  and p  is 

the least non-negative integer, such that )3(mod02 ≡+ p , 

and }|~{~ )1,2()1,2( LwwL ∈= .  

Proof: )2,5(L  is a recognizable (5,2)-language on the set B  
by the (5,2)-semigroup automaton [ ] )),(,( ϕQS  with an 

initial state 0s  and a set of terminal states 
tnBSCT −×⊆× , so 

 1,...|{ 4321
*)2,5( ≥=∈= + qwwwwQwL q  and 

=+−+−
++ ))(),(),2,(),1,(,( 431331

23
1

23
10 qpqp

qq wwwws ψψϕ

=+−
++

− ))(),2,(),1,(),(,( 431
33

2
33

2110 qp
qq

p wwwws ψψϕ  

}))2,(),1,(),(),(,( 43
3

43
321110 CTwwwws qq

pp ×∈++
−− ψψϕ . 

By Proposition 2.20, )),,*(,( 2 ψcQQS ×  is a semigroup 

automaton. It recognizes a language )1,2(L  with a set of initial 
states ),(' 00 xss =  and a set of terminal states CT × , so it 
is of the form 

}),'(|)({ 0
*2)1,2( CTwsQwL ×∈∈= ψ . 

Let )1,2(Lw ∈ . It follows that *2 )(Qw ∈  and  

CTws ×∈),'( 0ψ . But ),(' 00 xss = , so 

== ),,,()),2,~(),1,~(,,( 00 cwxscwwxs ϕϕ    

CTwswxs ×∈== ),'()),,(( 00 ψψ
. 
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Thus )2,5(~ Lcwx ∈ , i.e. )2,5()1,2(~ LcLx ⊆ .      g 

4.20 Let )1,2(L  be a recognizable language on the set 
B  by a semigroup automaton )),,(,( ξBS  with an initial 

state Ss ∈0  and a set of terminal states ST ⊆ , and 

)}),{,(,( fBS  be an (5,2)-semigroup automaton 

constructed by a semigroup automaton )),,(,( ξBS . Let 

BSBSf ×→× 4:  is a transition function defined by 

)),,((),( 4
3
1

4
1 xxsxsf ξ= . Then )2,5()1,2( LaL ⊆ , for 

each Ba ∈ ,  where )2,5(L  is a recognizable (5,2)-language 
on the set B  by the (5,2)-semigroup automaton 

[ ] )),,(,( ϕQS  with an initial state Ss ∈0  and a set of 

terminal states }{aT × . 

Proof: A language )1,2(L  is recognizable by a 
semigroup automaton )),,(,( ξBS  with initial state 

Ss ∈0  and a set of terminal states ST ⊆ , so 

}),(|{ 0
*)1,2( TwsBwL ∈∈= ξ . 

By Proposition 2.10, )}),{,(,( fBS  is a (5,2)-semigroup 
automaton. We construct an (5,2)-semigroup automaton 

[ ] )),,(,( ϕQS , where )(BQ ϕ=  and 

QSQS ×→× 4:ϕ  is a transition function defined by 

=)),(),,(),,(),,(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuius ααααϕ  

)),(,),(,),(,),(,( 4
4
413

3
312

2
211

1
11

4321 iuiuiuiusf pppp
αααα ψψψψ= . 

It follows that a recognizable (5,2)-language )2,5(L  on the 
set B  by (5,2)-semigroup automaton )]),[,(,( ϕQS , with 

initial state Ss ∈0  and a set of terminal states }{aT ×  is of 
the form 
 1,...|{ 4321

*)2,5( ≥=∈= + qwwwwQwL q  and 

=+−+−
++ ))(),(),2,(),1,(,( 431331

23
1

23
10 qpqp

qq wwwws ψψϕ  

== +−
++

− ))(),2,(),1,(),(,( 431
33

2
33

2110 qp
qq

p wwwws ψψϕ  

}))2,(),1,(),(),(,( 43
3

43
321110 CTwwwws qq

pp ×∈= ++
−− ψψϕ . 

Let )1,2(Lw ∈ , 33 +≥ qw  i.e. 33
1

+= qww , 1≥q  and 

Ba ∈ . Then 
=+−

++ )),(),2,(),1,(,( 331
23

1
23

10 awwws qp
qq ψϕ  

== )),(,( 0 awsϕ }{)),,(( 0 aTaws ×∈ξ . 

Thus )2,5(Lwa ∈ , i.e )2,5()1,2( LaL ⊆ .        g 
 

V. CONCLUSION 
 

 The results was given in this paper, are of the scientific 
interest, because there was defined a (5,2)-languages as a 
consequence of the generalization of the semigroup automata 
in case (5,2). Also, here was given the conection between 
(2,1)-languages and (5,2)-languages.  
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