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Abstract – An analysis of Complex Hadamard Transform 

properties for 1D and 2D signals is presented. The “basis” 

images for 2D CHT and energy spectrums are obtained and 

evaluation of coefficients distribution in complex spectrum space 

for test images is made. 
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I. INTRODUCTION 

Discrete orthogonal transforms [1], [2] have been used 

extensively in the area of N dimensional signal processing, 

spectral analysis, pattern recognition and etc. The Walsh 

Hadamard Transform is a fairly simple transform and has 

found applications in data compression and watermarking 

involving image transmission, storage and security. The idea 

of using complex, rather than integer transforms matrices for 

spectral processing and analysis has been shown in [3], [4], 

[5] and [6]. From the Complex Hadamard Transform (CHT), 

several complex decisions diagrams are derived.  

In this paper analysis of more general Complex Hadamard 

Transform properties for 1D and 2D signals are investigated, 

which are important for their applications in digital signal 

processing area. The ‘basis’ images for 2D CHT are obtained 

by using a developed MATLAB program simulation. The 

similar properties with well-known Hadamard Transform are 

received, what show that CHT can be used by the same way in 

more complicated analysis and processing [5], [6], [7]. 

II. MATHEMATICAL DESCRIPTION 

One dimensional Complex Hadamard Transform 

The forward and inverse one dimensional Complex 

Hadamard Transform (1D CHT) can be represented by the 

following equations [6]: 
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where: nN 2= ; y(u), x(v) are input and output N dimensional 

discrete signals; 1−=j ; )(),( ImRe uyuy  are the real and the 

imaginary parts of y(u); the coefficients of CHT are: 
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is the sign function. Here  .  is an operator, which represents 

the integer part of the result, obtained after the division. 

From the equations (1),(2) and (3) follow that for u=2p 
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and in the result M(2p)=|y(2p)| and 0)2( =pϕ , where M(.) 

and (.)ϕ  are amplitude and phase frequency spectrum 

coefficients respectively. 

When u=4p+3 for the odd coefficients of the transform the 

following are fulfilled: 

)14()(),34()(

)(),34()34(

*
1

0

4

1

0

34

+=+−=

=+=+

∑

∑
−

=

−

=

pyvxvpsjj

vxvpsjjpy

N

v

pvv

N

v

vpv

     (5) 

Equations (4) and (5) are valid for rows u as well for 

columns v and therefore the coefficients of CHT are 

symmetric about rows and columns.  

In the results can be summarized that the even coefficients 

of CHT are real and the odd one are complex conjugated. 

From the equations (2) the CHT basis matrix of order 2
n
 

can be calculated for n=2: 
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The basis matrices of order 2
n
 (n>2) can be received as the 

Kroneker product of a number of identical “core” matrices of 

order 2
n-1

 in the following way: 
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As a sample, the basis Complex Hadamard Transform mat-

rix of order 8, calculated by the equation (7) is : 
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In conclusion, using (1) forward and inverse CHT can be 

generalized in matrix form as:  
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From the above equations the following mathematical 

properties can be established: 
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Two dimensional Complex Hadamard Transform 

The common results, obtained from the one dimensional 

Complex Hadamard Transform can be generalized for two-

dimensional Complex Hadamard Transform. In this case the 

2D signals (images) can be represented by the input matrix 

[X] with the size NxN. The result is a spatial spectrum matrix 

[Y] with the same size. The corresponding equations for the 

forward and the inverse 2D CHT are: 
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The symmetry of CHT coefficients allows 2D CHT to be 

accomplished in two steps. The first one is 1D CHT for every 

row the image and the second one is 1D CHT for the columns. 

This difference of transformation makes easier the 

calculations and the symmetry guarantees that the correlations 

between image elements in horizontal and vertical direction 

will influence in the same way the determination of 

transformed elements. The same considerations can be made 

for two steps calculation of the inverse 2D CHT. 

 

III. EXPERIMENTAL RESULTS 

The 2D CHT can be expressed in different way by the 

equation: 
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where [Tkl] is the matrix of “basis” image with consecutive 

number (k,l). This expression can be presented as image 

decomposition [X] in order on N
2
 “basis” images with 

weighted coefficients ykl. Using equations (6) and (14) these 

images of order 4 are simulated on MATLAB and are shown 

in Fig. 1a. 

 

Fig. 1a. “Basis” images of order N=4 for 2D CHT. 

In this figure the values (+1) are colored with white level, 

the values (-1) – with black level, the values (+j) – with white 

gray level and the values (–j) – with dark gray level. It is show 

that the received “basis” images look like the non-ordered 

“basis” images of real Hadamard Transform (HT). 

 

Fig.1b. “Basis” images of order N=4 for 2D HT. 

On Fig. 1b are shown the same “basis” images simulated on 

MATLAB by real Hadamard Transform, arranged in naturally 

order. 

On Fig. 2 are shown the “basis” images for 2D CHT of 

order 8, received in the same way. 
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For the analyses of spectral distribution between the 

coefficients of 2D CHT a test image “LENNA”, shown in 

Fig.3, with size 512x512 and 256 gray levels is used. This 

image is transformed by the 2D CHT with kernel 16x16. By 

this way the input image is divided on 1024 sub-images with 

size 16x16 and is calculated by MATLAB 6.5 program. In 

Fig.4a and Fig. 4b the averaged amplitude frequency spect-

rums of all sub-blocks for two-dimensional Complex Hada-

mard Transform and two dimensional real Hadamard Trans-

form respectively, are shown. On Fig. 4c the averaged phase 

frequency spectrum calculated for all sub-blocks, for two-

dimensional Complex Hadamard Transform, is shown. 

IV. CONCLUSION 

A class of Complex Hadamard Transformation is presented. 

The general principles of complex matrices construction of 

high order for 1D and 2D transforms are given. The basic 

properties of CHT are discussed. The obtained amplitude 

spectrums for CHT and HT are practically identical and show 

that both can be used in similar applications. 

The presented Complex Hadamard Transform can be used 

in digital signal processing for spectral analysis, pattern 

recognition, digital watermarking, coding and transmission of 

one-dimensional and two-dimensional signals. 
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Fig.2. Basis images of order 8 for 2D CHT. 
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Fig. 3. Test image “LENNA” with size 512x512 pixels and 256 gray levels. 

 

 

     
 

a) 2D CHT amplitude spectrum;   b) 2D HT amplitude spectrum; 

 

 
 

c) 2D CHT phase;  

 

Fig. 4. Averaged amplitude and phase spectrums of image “LENNA” 


