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Abstract — The bounded output energy problem is connected with
obtaining a control law that ensures closed-loop stability,
specified performance and minimizes the output energy. The
specified control problem can be implicitly realized by the
solutions Q, Y of a system of linear matrix inequalities (LMIs).
The paper is concerned with obtaining linear perturbation
bounds for the continuous-time LMI based bounded output
energy problem, which are linear functions of the data
perturbations. The sensitivity analysis of the perturbed matrix
inequalities is considered in a similar manner as for perturbed
matrix equations, after introducing a suitable right hand part,
which is slightly perturbed. The proposed approach leads to tight
linear perturbation bounds for the LMIs' solutions to the
bounded output energy problem. Numerical example is also
presented.
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|.INTRODUCTION

In many control problems, the design constraints have a
simple reformulation in terms of linear matrix inequalities
(LMISs). This is hardly surprising, given that LMIs are direct
byproducts of Lyapunov based criteria, and that Lyapunov
techniques play a central role in the analysis and control of
linear systems, see [1,2] and the literature therein. The
bounded output energy problem is a good illustration of this
point.

The effectiveness of LMI approach remains valuable for
several reasons. To begin with it is applicable to all plants
without restrictions on infinite or pure imaginary invariant
zeros. In addition, the LMI based design is practical thanks to
the availability of efficient convex optimization algorithms,
based on the interior point method [3], and software [4].

In this paper we propose an approach to perform linear
sensitivity analysis of the LMI based bounded output energy
problem via introducing a suitable right hand part in the
considered matrix inequalities.

We use the following notations: R™" - the space of real

m x n matrices; R" = R™*; I, -theidentity nx n matrix;
e," the unit nx1vector; M T - the transpose of M ; M ' -

the pseudo inverse of M ;M |,=0,, (M) - the spectral
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norm of M , where G (M) is the maximum singular value
of M ; vec(M)eR™- the column-wise vector
representation of M e R™"; 11 e R™™mn - the vec-

m,n

permutation matrix, such that vec(M ") =11, vec(M);

M ® P - the Kroneker product of the matrices M and P .
The notation “:=" stands for “equal by definition”.

The remainder of the paper is organized as follows. In
Section 2 we shortly present the problem set up and objective.
Section 3 describes the performed linear full perturbation
analysis of the LMI based bounded output energy problem.
Section 4 presents a numerical example before we conclude in
Section 5 with some final remarks.

Il. PROBLEM SET UP AND OBJECTIVE

Consider the linear continuous-time system

¥= Ax+ Bu,
@)
y =Cx
wherex e R",ue R",andy € R"are the system state,

input and output vectors respectively, and A,B,C are

constant matrices of compatible size.
Bounded output energy problem means for a given initial
state x(0) to find a control law, which minimizes the output

energy
j y' ydt.
0

It is also necessary to find a quadratic Lyapunov function
V (x) = x"Px, P > 0such that

d
—V(X)<-y'y.
a0 (x) y'y

In order to solve the bounded energy control problem and to
ensure closed-loop stability and specified performance it is
necessary to design a state-feedback controlleru = Kx .

We consider an LMI approach to solve the bounded output
energy problem, as stated in [5]

X' [(A+BK)" P+P(A+BK)x<-y'y,P>0. (2)

Unfortunately inequality (2) is not an LMI with respect to the
decision variables K and P. That is why we perform the

substitution Q =P, Q >0and Y = KP *to obtain the
following system of LMIs:
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(AQ+BY)" +(AQ+BY)-(CQ)'CQ>0 (3
To transform LMI (3) we apply Schur complement argument
[6] to obtain the following inequality:

(AQ+BY)" +(AQ+BY) QC'
CQ -1 |

with respect to the variables Q and Y.

The main objective of the paper is to perform a linear
sensitivity analysis of the LMI system (4) needed to solve the
bounded output energy problem.

Suppose that the matrices A, B, C are subject to
perturbations AA,AB,AC and assume that they do not

change the sign of the LMI system (4). The sensitivity
analysis of the continuous-time LMI based bounded output
energy problem is aimed at determining perturbation bounds
of the LMIs (4) as functions of the perturbations in the data A,
B, C..

Q>0 @

I11. LINEAR FULL PERTURBATION ANALYSIS

We perform sensitivity analysis of the LMI (4) for the
continuous-time system (1).

{ABQYT+ABQY qQC’ -0
qQC —

where ABQY" =(Q+AQ(A+MY" +(Y+AY)' (B+AB)'

ABQY =(A+ M Q+AQ+B+AB)(Y +AY),

gQC’" = (Q +AQ)(C +AC)",

gCQ =(C + AC)(Q + AQ) . We have to study
the effect of the perturbations AA, AB, AC on the perturbed
LMI solutions Q *+AQ and Y *+AY , where Q*,Y * and

AQ,AY are the nominal solution of the inequality (4) and

the perturbations, respectively. The essence of our approach is
to perform sensitivity analysis of the inequality (4) in a similar
manner as for a proper matrix equation after introducing a
suitable right hand part, which is slightly perturbed. Thus for
LMI (5) we have:

ABQY* +ABQY* qQC
qC* -l
where ABQY* =(Q=AQ(A+AY -HY*4AY) (B+AB),

ABQY*=(A+AR)(Q*+AQ) +(B+AB)(Y *+AY)
qQC*" =(Q*+AQ)(C +AC)",

qCQ* = (C + AC)(Q *+AQ) andN*is

obtained using the nominal LMI

()

=N*+AN, <0

(6)
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AQ*+Q*A +BY*+Y¥ BT Q*C'
cQ*

The matrix AN, is due to the data and closed-loop

performance perturbations, the rounding errors and the
sensitivity of the interior point method that is used to solve the
LMils.

Using the relation (7) the perturbed equation (6) may be
written as

=N*<0. (7)

Aq +QQ = ANy,

®)
where
A {AAQ + AQAT AQCT}
© CAQ 0 '
3 AAQ*+Q*AA" +BAY +AYTBT +ABY *+Y* AB" Q*ACT _
QQ{ ACQ* 0 }
Here the terms of second and higher order are neglected. The
relation (8) may be written in a vector form as

vec(A,) +vec(€d,) = vec(AN,), (9)
where
veo(Au) =[ A®I +1 ®AC®I, 1 &C, 0] veo(AQ)
:Tm’
W)=
Q&N+, (1@B)+HBRNIT,, (V*&)+I*)I1, 0
0 0 0 (I @D\)an
0 0 0 Q)
0 0 0 0
vec(AA)
x VeC(AY) = [TtlthZ 'Tt3 'Tt4]Aaybc = TtAaybc'
vec(AB)
vec(AC)

Further we obtain the expression

TACHT,VE0(A)-+ T, VBC(AY) + T, Vec(AB)+ T, vec(AC) =
~vec(AN,)

(10)

Finally the relative perturbation bound for the solution Q * of
the LMI (4) has the form



[ (Tnvec(AA)nz+T | vec(aAV)ll, , [ vec(2B)
lvec(@)ll, ~ 1vect@ll\* Ivec(Al, ~* veoty9ll, - [Iveo(B)I,
1 (n ||vec<AC>||z+M||vec(M)nz]
lvec@)l\ " vec©)l, - [Iveo(N9,
(11)
where
T TRl T T b Tlbhel,
@ @ @ Q)
T I TLe®l T 1T LT O,
@l @ e @l @)l
NI e\l
@, Ve @)l

may be considered as individual relative condition numbers
of the LMI (4) with respect to the perturbations AA, AB,AC

and AY .

In a similar way the relative perturbation bounds for the
solution Y * of the LMI (4) may be obtained using the
following expression

A, +Q, = AN, (12)
{B AY + AYTBT 0}
A, = ,
0 0
q {AAQMQAT AN +ABY <Y ¥ AT AT +Q*ACT}
CAQ+AOQ* 0

Here the terms of second and higher order are neglected. The
relation (12) may be written in a vector form as

where

vec(A, ) +vec(€, ) =vec(AN,), (13)
where
vec(A, ) =[(1 ®B)+(B®I)IT,_,0,0,0] vec(AY)
=Way,
\HE(Q)=
QRIS (18A+ARN) (PRI, 0
J o ©s1) 0 Q)
0 (R0 0 (ISQVL,
i 0 0 0 0
e
| _
\H(@ —[\M,V\é,\%,\/\é}%%
[\

Further we obtain the expression

|

WAy +W1V€C(AA) +W2VGC(AQ) +W3VGC(AB) +W4VGC(AC) =
:VeC(ANz)-
Finally the relative perturbation bound for the solution Y * of
the LMI (4) has the form

(14)

Iyl 1 (vm\eomnz aghel %,n\eo(m)uz}
e, e\ @l @l B,
L1 [w"‘e“m"2+w"m\5)"ZJ
e\ Ol NN,

(15)

where

W :IIWIIZIIV\AIIZII\BO(A)IIZ W :IIWIIZIIV\IZIIZII\BO(Q?IIZ
[[veo(Y*)|, eyl e, [[veo(Y*)[l, '
W =IIWTIIZIIWSIIZII\BC(B)IIZ W, =IIVVT||2||W4IIZIIVBL"(C)IIZ
[[vec(Y3|l, ([vec(YH)l, ' vec(YH)|, [ vec(YH)|L, '
N, :IIWIIZII\BO(I\F‘)IIZ.

VeIl [ve(Y9,

may be considered as individual relative condition numbers of
the LMI (4) with respect to the perturbations AA,AB,AC

and AQ .

V. NUMERICAL EXAMPLES

Consider the continuous-time system (1), where

0 0 1 0
0 0 0 1
Ao mmel’y (Hmrel)ic mrefp ’
(M) (MHmipvimeel?)  (Mmpevimeel®)
(M mTePy) -mtelfe (MHM*p
L (MHmPHVETITEl) (MM HVEmTel?) ((MHTTT)*JH\/Y‘rTrrr*eIZ)_
- 0 _
0
B wz)2 ’C:{l 00 O}DZH‘
(MM HWIMTE) 0100 0
el
| (Vemy*IHvEmTer’)
here

M=0.768; mm=0.104; el=0.1735; J=2.829¢e-3;
9=9.81; fc=0.5; fp=0.1035e-3.

The perturbations in the system matrices of the continuous-
time system are chosen as
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AA=Ax10",AB=Bx10",AC =Cx107,
AN, =N*x10", AN, = N*x10",
AQ*=Q*x10", AY =Y *x10" fori=87,...4.

The perturbed solutions Q*+AQand Y *+AY are

computed based on the method derived in [7] and using the
software [4]. The relative perturbation bounds for the
solutions Q *and Y * of the LMIs (4) are obtained by the

linear bounds (11) and (15), respectively.

The results obtained for different values of i are shown in the
following table

TABLE |
i Il AQ |, Bound || Ay I, Bound
Il vec(Q*) I, a1 Ivec(Y*)l; (15)
8 6.34*108 9.98*10” 3.23*10° 1.53*107
7 6.34*10” 9.98*10°° 3.23*107 1.53*10°
6 6.34*10° 9.98*10° 3.23*10°° 1.53*10°
5 6.34*10° 9.98*10" 3.23*10° 1.53*10*
4 6.34*10" 9.98*10° 3.23*10™ 1.53*10°3

The obtained perturbation bounds (11) and (15), based on the

presented solution approach, are close to the real relative
” Aq ||2 and ” Ay ”2 , thus

Il vec(Q™) Il lvec(Y ™) |l

they are good in sense that they are tight.

perturbation bounds
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V. CONCLUSION

The linear sensitivity analysis of the continuous-time LMI
based bounded output energy problem has been studied. Tight
perturbation bounds, which are linear functions of the data
perturbations, have been obtained for the matrix inequalities
determining the problem solution. Based on these results we
have presented numerical examples to explicitly reveal the
performance and applicability of the proposed approach to
analyze the sensitivity of the continuous-time LMI based
bounded output energy problem.
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