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Abstract – In this paper we introduce quasi-almost orthogonal 
filters, as a new class of filters, based on Legendre type quasi-
almost orthogonal polynomials. These filters are generators of 
quasi-almost orthogonal signals for which we have derived and 
presented important properties and relations. Our work is based 
on classical theory of orthogonality, and orthogonal rational 
functions, and also on new results in this field of research. Quasi-
almost orthogonal filters can be successfully used for signal 
approximation as well as for modeling, identification, and 
analysis of dynamical systems. Based on mathematical results, 
we have designed schemes for practical realization of these 
filters. 
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I. INTRODUCTION 

Orthogonal polynomials have been in the focus of the 
research for the last two centuries. One of the most important 
applications of orthogonal polynomials is designing 
orthogonal filters. Today these filters provide an efficient tool 
for identification, modeling and control of dynamical systems. 

Concept of quasi orthogonality is introduced for the first 
time in 1923 [1] as a tool for solving the problem of moments 
in mechanics. Quasi orthogonal functions and especially quasi 
orthogonal polynomials as well as numerous applications are 
discussed in many papers [2-5]. It is important to notice that 
classical orthogonal filters and orthogonal signal generators 
have transfer functions with the order of numerator 
polynomial for one less then denominator. In practice there is 
often need for filters of more general type i.e., filters with 
difference in orders of transfer functions polynomials higher 
then one. This can be accomplished by using quasi orthogonal 
filters. 

The components that are used for designing any real 
(practical) system are not perfect and their parameters values 

vary in the range of allowed tolerance. The reasons can be 
various: imperfect manufacturing, systems exploitation 
conditions (environment temperature, pressure, moisture, 
electromagnetic fields, variations in voltage)… With respect 
to that fact, every real system is in some way imperfect, so the 
models of these systems should reflect this fact. Almost 
orthogonal filters designed in earlier papers [6-8] can be 
successfully used for modeling and analysis of the systems 
with imperfections. 

In this paper we consider quasi-almost Legendre type 
orthogonal polynomials. Based on these polynomials, we have 
designed first order quasi-almost Legendre type orthogonal 
filter. For the first time, here, we combine two theories into 
new class of filters. These filters can be used as generators of 
functions sequence, suitable for modeling and analysis of 
appropriate imperfect systems that can be described with 
transfer function with difference in polynomials orders higher 
that one. 

II. ALMOST ORTHOGONAL POLYNOMIALS – A 

NEW APPROACH 

Our design of orthogonal filters, is based on shifted 
Legendre polynomials orthogonal over interval (0, 1). On the 
other side, technical systems operate in the real time, so we 
need the corresponding approximation over interval (0, ∞). 
The solution is to use the substitution tx e  . In this manner 
polynomial sequence orthogonal over (0, 1), become 
exponential polynomial sequence orthogonal over interval (0, 
∞). 

Consider the orthogonal Legendre polynomials in their 
explicit form: 
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The first few members of the sequence are: 
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These polynomials are orthogonal over interval (0, 1), with 
weight function w(x)=1, i.e.: 
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and they can be successively used for modeling [9], and 
control [10] of dynamical systems as well as for identification 
of specific systems parameters [11].  

Corresponding almost orthogonal polynomials    nP x  can 

be defined as [6]: 
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1where ε represent a very small positive constant 0   . 

The connection between classical orthogonal and almost 
orthogonal polynomials is proved in [7] with following 
relation: 
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where 
2

kP  represents the square of the norm and bk are 

polynomials dependent on ε. 
The first few members of the Legendre almost orthogonal 

polynomial sequence are: 
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Complete mathematical background for designing almost 
orthogonal filters based on polynomials given by Eq. (6) can 
be found in [6, 7]. These filters represent generalization of the 
Legendre type orthogonal filters [7, 10]. Obviously, for ε=0 
almost orthogonal filter becomes strictly orthogonal filter. 
Practical realization of almost orthogonal filters defined in 
such way is elaborated in [8]. 

In this paper, we will define almost orthogonality in 
different manner in order to accomplish further simplifications 
in filters design. First, we define almost orthogonal Legendre 
polynomials :  nP x
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In Eq. (9), δ represents constant: δ=1+ε≈1 and Г represents 
gamma function. 

Now, we can define almost orthogonality in the other way: 

      1

1

0

1 ,    

,                    

n

k
km n

n

kQ m n
P x P x dx

N m

 







  

 n


  (10) 

where: 
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The first few members of the Legendre almost orthogonal 
polynomial sequence defined with Eq. (8) are: 
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After applying the substitution tx e  to Eq. (8) and 
Laplace transform, we have: 
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III. QUASI-ALMOST ORTHOGONAL POLYNOMIALS 

The following definition of quasi orthogonality for 
polynomial set Pn(x) can be found in papers [4, 5]: 
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where k represents the order of quasi orthogonality, a and b - 
quasi orthogonality interval and w(x) - the weight function. 

A large number of papers consider quasi orthogonal 
polynomials in classical manner, analogous to the classical 
orthogonal polynomials. One approach [4] is based on known 
theorem that every polynomial Rn(x) that can be represent as 
linear combination of classical orthogonal polynomials given 
by: 

        1 1n n n k n kR x P x c P x c P x      (15) 

is itself quasi orthogonal with order k of quasi orthogonality. 
Coefficients ci can be dependent on n. The second approach 
[4] is based on the fact that every orthogonal polynomial with 
weight  w x  is quasi orthogonal with some other weight. For 

example, in the case of Legendre polynomials orthogonal over 
interval (-1, 1) with weight , we can introduce 

different weight: 

  1w x 

  kw x x , and obtain quasi orthogonal, 

Legendre type, polynomials over same interval. Many papers 
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also analyze in details configuration of the zeroes in quasi 
orthogonal polynomials [5, 12]. 

After applying the substitution tx e  to Eq. (18) and 
Laplace transform, we have: 

If we apply definition of quasi orthogonality on almost 
orthogonal polynomials given with Eq. (8), we obtain quasi-
almost orthogonal Legendre type, polynomials over interval 
(0, 1) with weight function :   1w x 
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  Transfer function given in form of Eq. (19) is very suitable 
for practical design of quasi-almost orthogonal filters. 

where: 
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IV. QUASI-ALMOST ORTHOGONAL FILTERS 

First order (k=1) quasi-almost orthogonal polynomials can 
be generated by a filter whose analogue scheme is given in 
Fig. 1. This filter has been directly designed using relation 

(19). Signals labelled as  in Fig. 1 represent the 

sequence of exponential quasi-almost orthogonal functions. 

 1,
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Starting first order (k=1) quasi-almost orthogonal 
polynomials of this sequence are: 
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Obtained filter analogue scheme given in Fig. 1 is very 
simple and suitable for practical realization. Simulation in 
MATLAB, based on Fig. 1, was performed and few quasi-
almost orthogonal signals (chosen value for δ was 1.02) are 
shown in Fig. 2. In this simulation we have applied input step 
signal with amplitude of 2V. 

 
Fig. 1. Analogue scheme for the first order quasi-almost orthogonal filter adjusted for practical realization 

 
Fig. 2. First order quasi-almost orthogonal filter signals simulated in MATLAB 



 

V. CONCLUSION 

In this paper we have defined almost orthogonal 
polynomials, as well as quasi-almost orthogonal polynomials 
of Legendre type. Main relations valid for those polynomials 
are also given. Using these relations, we proposed a method 
for designing quasi-almost orthogonal filters of arbitrary 
order. Designed filter can be successfully used for modeling, 
identification, simulation, and analysis of different dynamical 
systems as well as for designing adaptive systems. 
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