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Nondeterministic (3,2)-Semigroup Automata 
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Abstract – The aim of this paper is to define a noneterministic 
(3,2)-semigroup automaton and to give them conection with 
deterministic (3,2)-semigroup automaton 
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I. INTRODUCTION 
 

Our goal in writing this talk is to examine a 
nondeterministic (3,2)-semigroup automaton and to proof that 
they can not always be converted into a deterministic one. In 
that means, we are given an example. 
 

II. (3,2)-SEMIGROUP AND (3,2)-SEMIGROUP 
AUTOMATON 

 
Here we recall the necessary definitions and known results. 

From now on, let B  be a nonemty set and let ),( ⋅B  be a 
semigroup, where ⋅  is a bynary operation. 

 
A semigroup automaton is a triple )),,(,( fBS ⋅ , where 

S  is a set, ),( ⋅B  is a semogroup, and SBSf →×:  is a 
map satisfying 

),()),,(( yxsfyxsff ⋅= ,            (1) 
 for every Ss∈ , Byx ∈, . 

The set S  is called the set of states of )),,(,( fBS ⋅  and 
f  is called the transition function of )),,(,( fBS ⋅ . 

 
A nonempty set B  with the (3,2)-operation 

23:}{ BB →  is called a (3,2)-semigroup iff the following 
equality 

}}{{}}{{ yztxtxyz =              (2) 
is an identity for every Btzyx ∈,,, . It is denoted with the 
pair }){,(B . 
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 Example 1: Let },{ baB = . Then the (3,2)-semigroup 

}){,(B  is given by Table 1. 
 

 This example of (3,2)-semigroup is generated by an 
appropriate computer program. 
 
 
 

TABLE 1 
(3,2)- SEMIGROUP 

 
 
 

 
 
 
 
 
 
 

 
 
 

A (deterministic) (3,2)-automaton is a triple ),,( fBS , 
where S  and B  are nonempty sets, and 

BSBSf ×→× 2:  is a map. 
  
A (deterministic) (3,2)-semigroup automaton is a triple 

)}),{,(,( fBS  where S  is a set, }){,(B  is a (3,2)-

semogroup, and BSBSf ×→× 2:  is a map satisfying 
}){,()),,,(( xyzsfzyxsff = ,          (3) 

 for every Ss∈ , Bzyx ∈,, . 
The set S  is called the set of states of )}),{,(,( fBS  

and f  is called the transition function of )}),{,(,( fBS . 
 
Example 2: Let }){,(B  be a (3,2)-semigroup given by 

Table 1 from Example 1 and },,{ 210 sssS = . A (3,2)-

semigroup automaton )}),{,(,( fBS  is given by Table 2 
and the graph in Fig. 1 . 

 
TABLE 2 

(3,2)-SEMIGROUP AUTOMATON 
 

 
This example of (3,2)-semigroup automaton is generated by 

computer. 

{ }  
a  a  a (b,a) 
a  a  b (a,a) 
a  b  a (a,a) 
a  b  b (b,a) 
b  a  a (a,a) 
b  a  b (b,a) 
b  b  a (b,a) 
b  b  b (a,a) 

f (a,a) (a,b) (b,a)  (b,b) 
s0 (s1,b) (s2,b) (s2,b) (s1,b) 
s1 (s1,b) (s0,a) (s2,b) (s1,b) 
s2 (s2,b) (s0,b) (s1,b) (s2,b) 
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Fig. 1 (3,2)-semigroup automaton 

 
Let ]).[(Q  be a free (3,2)-semigroup with a basis B  

constructed in [1]. 
Any subset )2,3(L  of the universal language U

1

*

≥

=
p

pQQ , 

where Q  is a free (3,2)-semigroup with a basis B , is called a 
(3,2)-language on the alphabet B . 

 
A (3,2)-language *)2,3( QL ⊆  is called recognizable if 

there exists: 
(1) a (3,2)-semigroup automaton )}),{,(,( fBS , where 

the set S  is finite; 
(2) an initial state Ss ∈0 ; 

(3) a subset ST ⊆ ; and 
(4) a subset BC ⊆  such that 

}))2,(),1,(,(|{ 0
*)2,3( CTwwsQwL ×∈∈= ϕ ,  (4) 

where )]),[,(,( ϕQS  is the (3,2)-semigroup automaton 
constructed in [2] for the (3,2)-semigroup automaton 

)}),{,(,( fBS . 
 
 We also say that the (3,2)-semigroup automaton 

)}),{,(,( fBS  recognizes )2,3(L , or that )2,3(L  is 
recognized by )}),{,(,( fBS . 
 

Example 3: Let )}),{,(,( fBS  be a (3,2)-semigroup 
automaton given in Example 2. We construct the (3,2)-
semigroup automaton )]),[,(,( ϕQS  for the (3,2)-
semigroup automaton )}),{,(,( fBS . A (3,2)-language 

)2,3(L , which is recognized by the (3,2)-semigroup automaton 

)]),[,(,( ϕQS , with initial state 0s  and terminal state 

),( 2 bs  is 

,...|{ 21
*)2,3(

qwwwwQwL =∈=  3≥q ,  

where




 ∈≥

=
***

1

)(

,3),,(

ba

Quniu
w

n

l
α  , },...,2,1{ ql ∈ , and:  

a) If 1=i , then:  
a1) au n =)1,( 1 , where 

hrjt
npp babauu =−− )(...)( 111 ψψ and krt 2=+ , 

nhrjt =+++ , 1,...},2,1,0{,,,, ≥∈ kkhrjt ; 

a2) bu n =)1,( 1 , where 
hrjt

npp babauu =−− )(...)( 111 ψψ and 12 +=+ krt , 

1,...},2,1,0{,,,,, ≥∈=+++ kkhrjtnhrjt ; 

b) If 2=i , then au n =)2,( 1 , where  
***

111 )()(...)( bauu npp =−− ψψ ;  

and finally 12**
1 )()(...)( += k

qpp abbww ψψ } . 
 

III. NONDETERMINISTIC (3,2)-SEMIGROUP 
AUTOMATON 

 
Now we introduce a powerful feature to (3,2)-semigroup 

automata. This feature is called nondeterminism, and is 
essentially the ability to change pairs of state and symbol in a 
way that is only partially determined by the current pair of 
state and symbol, and input pair symbols. That is, we shall 
now permit several possible "next pairs of state and symbol" 
for a given combination of current pair of state and symbol 
and input pair of symbols. The (3,2)-semigroup automaton, as 
it reads the input string, may choose at each step to go into 
any one of these legal next pairs of state and symbol; the 
choice is not determined by anything in our model, and is 
therefore said to be nondeterministic. On the other hand, the 
choice is not wholly unlimited either; only those next pairs of 
states and symbol are legal from a given pair of state and 
symbol with a given input pair of symbols can be chosen. 

 
A nondeterministic (3,2)-semigroup automaton is a triple 

)}),{,(,( gBS  where S  is a set, }){,(B  is a (3,2)-
semogroup, )( BSP ×  is a subset of BS ×  and 

)(: 2 BSPBSg ×→×  is a map satisfying 
}){,()),,,(( xyzsgzyxsgg = ,          (5) 

 for every Ss∈ , Bzyx ∈,, . 

 We denote that U
Xat

yatgyXg
∈

=
),(

),,(),(  for 

BSX ×⊆ . 
 
In case the mapping g  is such that for every Ss∈ , 

2),( Byx ∈ , ),,( yxsg  is either empty or a single element 

0
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of BS × , )}),{,(,( gBS  is called a partial (3,2)-
semigroup automaton. 

 
There is a simler process for transforming a partial (3,2)-

semigroup automaton into a (deterministic) (3,2)-semigroup 
automaton by adding to S  one extra state Sz∈  which is a 
fixed point for )'}),{,(},{( gBzS ∪  as follows: 

),,(),,(' yxsgyxsg =  if BSyxsg ×∈),,( ; 
),(),,(' azyxsg = , for some Ba∈ , if 

BSyxsg ×∉),,( ; 
 ),(),,(' azyxzg =  for all Byx ∈, . 
 

Example 4: Let },{ baB = , },,{ 210 sssS = . }){,(B  
is a (3,2)-semigroup given by Table 3. 

 
TABLE 3 

(3,2)-SEMIGROUP 
 
 
 
 
  
 
 
 
 
 
 
 

)}),{,(,( gBS  is a nondeterministic (3,2)-semigroup 
automaton given by Table 4 and the graph in Fig. 2 . 

 
TABLE 4 

NONDETERMINISTIC (3,2)-SEMIGROUP 
AUTOMATON 

 

 
A nondeterministic (3,2)-semigroup automaton 

)}),{,(,( gBS  is recognized the (3,2)-language 

|{ *)2,3( BwL ∈= ∪= baaaaaaaaaaaw *)**(*[*{  
)*}*}(*)]*( abbaabbbabbab ∪∪∪∪ . 

Theorem: A (3,2)-language *)2,3( QL ⊆  is recognizable if 
there is nondeterministic (3,2)-semigroup automaton 

)]),[,(,( ϕQS  with finite set of states S  and subsets 
SI ⊆ , ST ⊆  and BC ⊆  such that 

   })())2,(),1,(,(|{ *)2,3( ∅≠×∩∈= CTwwIQwL ϕ . 
 

 
Fig. 2 (3,2)-semigroup automaton 

 
Proof: Let *)2,3( QL ⊆  be (3,2)-language which is 

recognized by (deterministic) (3,2)-semigroup automaton 
)]),[,(,( ϕQS  with finite set S , the initial state Ss ∈0  

and subset ST ⊆  and BC ⊆  such that 

   }))2,(),1,(,(|{ 0
*)2,3( CTwwsQwL ×∈∈= ϕ . 

The deterministic (3,2)-semigroup automaton is a special case 
of nondeterministic (3,2)-semigroup automaton, so we have 
that there exists nondeterministic (3,2)-semigroup automaton 
with finite set of states S  and subsets SsI ⊆= }{ 0 , 

ST ⊆  and BC ⊆  such that 

   })())2,(),1,(,(|{ *)2,3( ∅≠×∩∈= CTwwIQwL ϕ . 
                        
 
But the inverse is not true in each case.  
 
Example 5: For the given nondeterministic (3,2)-semigroup 

automaton in Example 4, we construct (3,2)-automaton with 
introducing a new letter e  in the alphabet B  and a new states 

',' 10 ss  in the set of states S . The (3,2)-automaton 

)'},{},','{( 10 geBssS ∪∪  is given by Table 5 and Fig. 
3 . 

 
TABLE 5 

(3,2)-AUTOMATON 

 

{ }  
a a a a a 
a a b a b 
a b a b a 
a b b b b 
b a a b a 
b a b b b 
b b a b a 
b b b b b 

g (a,a) (a,b) (b,a)  (b,b) 
s0 (s0,a), (s1,a) (s1,b) (s2,b) (s0,b) 
s1 (s0,a), (s1,a) (s1,b) (s2,b) (s0,b) 
s2 (s2,a) (s2,b) (s2,b) (s0,b) 

f (a,a) (a,b) (a,e) (b,a) (b,b) (b,e) (e,a) (e,b) (e,e)
s0 (s0,a) (s1,b) (s0',a) (s2,b) (s0',e) (s0',b) (s0',a) (s0',b) (s0,e)
s0' (s1,a) (s0',e) (s0,a) (s0',e) (s0',e) (s0,b) (s0,a) (s0,b) (s0',e)
s1 (s0,a) (s1,b) (s1',a) (s2,b) (s0,b) (s1',b) (s1',a) (s1',b) (s1,e)
s1' (s1,a) (s1',e) (s1,a) (s1',e) (s1',e) (s1,b) (s1,a) (s1,b) (s1',e)
s2 (s2,a) (s2,b) (s2,a) (s2,b) (s0,b) (s2,b) (s2,a) (s2,b) (s2,e)

S1

S2

(a,b)/a

(
,b)/b(b,a)/b (b

,a)
/b

(a,a)/a
S0 S1

S2

(b,b)/b

(b ,b)/b(b,a)/b (b
,a)

/b

(a,a)/a

(a,a)/a

(a,b)/b

(b,a)/b

(a,b)/b(a,a)/a

(b,b)/b

(a,a)/a

(a,b)/b
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 It isn't (3,2)-semigroup automaton, because it isn't 
generated (3,2)-semigroup on the alphabet }{eB ∪ . For 
example, 
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as
as
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aas
as
as

gaaasg i , 

for }','{ 10 ssSsi ∪∈ , but there aren't any pair ),( vu , for 

}{, eBvu ∪∈ , such that ),(}{ vuaaa = . 

 
 

IV. CONCLUSION 
 

 The results was given in this paper, are of the scientific 
interest, because they are a generalization of the semigroup 
automata in case (3,2). The Theorem was proved that every 
(3,2)-semigroup automaton can be transform into 
nondeterministic (3,2)-semigroup automaton with the 
appropriate method. But, the Example 5 was showed that the 
inverse is not true in each case.  
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Fig. 3  (3,2)-automaton  
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