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1. Introduction: 3D tensor image representation

Red Green Blue Pan
Multi-Spectral Images (MSI): tensor of size 512x512x4

Video sequence: tensor of size 256x256x8 3
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1.2. Basic methods for tensor decomposition ‘Y)ICBDIT

1.2.1. Statistic methods: A. Canonical Polyadic Decomposition (CPD). (A. Cichocki et al. 2015)
3D tensor X approximated through a sum of R components (third-order tensors)

CPD : Tucker
WAL LA o

r

|
. @ by - I T
a a,|D | QB

e

r

a, ;
(IxJxK) _ (IxR) (RxRxR) (Rx.J) b,
A=A, Z...2 Ay (eigen values) R

Decomposition by CPD: X~ 2;(8j0 byo G )+.+ Ag(Ege broCr)=) A (@ o bioC,)

Rl R, Rj _ r=1
B. Tucker Decomposition:  X~» > »"d, . . (d,°b, oC, ) (outer product of 3 eigen vectors)
rn=1r,=1r;=1

1.2.2. Deterministic methods: 3D Discrete Wavelet Transform (3D-DWT) (M. Vetterli et al. 2007)
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N1 X N2 x N3 —
M1 N2 X N3 ., ' 1D-DWT 1D-DWT 1D-DWT
- — (direction 2) (direction y) (directionx) 4

N1, N2 ’ W, ’
5 X5 XN3
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3D-WHT transformation of the elements
X(i,],k) of the tensor X into the coefficients
s(u,v,) placed in the consecutive ISP levels.

W.cor

1.3. Proposed approach: decomposition of tensor X of size NxXNxN (N=2™) by Inverse Spectrum
Pyramid (ISP) based on 3D Walsh-Hadamard Transform (3D-WHT). Example: 3-level ISP for N=23,

Restoration of tensor X with elements x(i,},k)
through inverse 3D-WHT, applied on the
coefficients s(u,v,1) in the ISP levels.

% | X
Level L ot | j i 2 (0., ! 568
0=3 L ) 22 gt |k 512 coeff. ! ] Output
| 2 ] 2 | u,v,l=0,1 N I 3D- v
t=1,2,..64 t=12,..64 77 f L sp(uv) G IWHT E, [
- N | 512 coeff. AT 220 888 |/+
Et || 3DwHT b o T +
Z '_ El 4><41-<4 Ax4x4 \\ 'l\ ’I’ /,I p:\\‘ ‘\\ S; 2x2x2 E; 2x2x2 il
=12..8 - I Vol ! X
\ ; o ! 868
\ t I \\ “ I
| o L G | e —
= EL | 44 S = T sew JE [3D-wHT] | = 1
1 1 o L) p=2 64coeff. | Axdxd L
Y t=1,2,.8 | ,l /,' ! | uvi=01 ! 8x8x8 + L
A ' i 1S 4 E! 4xdx4
)z 4 | SD-IWHT \\ “. ,"/ L i /
866 883 Vi 0 N H
Level | 4 ,"’ Level “\ ] /'
p:j_ \ p=l i b
|:> X o 3D-TWHT ~ | z(”"’];f') Swv.l) 5 | 3D-IWHT 3
8648 S c e gcoeff. | | > 1
Input 888 S u,v,1=0,1 Output Input UVI=0.1 8x8x8 8x8x8 888
Structure of ISP for the decomposition Structure of inverse ISP for the
of tensor X of size 8x8x8, based on the restoration of tensor X of size 8x8x8,
truncated 3D-WHT based on the truncated 3D-WHT
Disadvantage - the ISP is of the kind “overcomplete”. 5
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1.3.1. Definition of the 3D Walsh-Hadamard Transform (3D-WHT) for tensor of size
NxNxN (N=2") with elements x(i,j,k): (S. Agaian et al., 2011)

N-1N-1N-1
Direct 3D-WHT: | s(u,v,1)= x(i,j, k wal(i,u, N)wal(j,v, N)wal(k,1,N)
i: nNk—zlnNI if N-1
Inverse 3D-WHT: | x(i,j,k)=—=>" s(u,v,1)wal(i,u, N)wal(j,v, N)wal(k,I,N)
N u=0v=0 I=0
where s(u,v,1) are 3D-WHT coefficients

1.3.2. Examples: 1D, 2D, and 3D WHT functions for N=4

1D-WHT functions 2D-WHT functions _ 3D-WHT_functions
wal(i,u,4) wal(i,u,4)wal( j,v,4) wal(i,u,4)wal( j,v,4)wal(k,1,4)
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— | — —J 1 17 -
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i Nz A
| —ie=—i 1 —f—=—-|-
u,l— — | | LD
— | |

_______
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—| F‘ - i ’ -
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R uv,l=01 | FEFEE L === |
3 R i e,
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2. Method for 3D-tensor representation through Reduced ISP

2.1. Decomposition of tensor X of size 4x4x4 through 3D Reduced ISP (3D-RISP):

[X]=

by

by

by, |

by, |

b17 b18

b

by

_b21 b22
b23 b24

'bzs by |

b27 b28

bllO b113 b114
b1,12 ; b1,15 b1,16

b29 b210 b213 b214

y1 by ! b2,15 D5

- [Xdl=

-b31 b32

b33 b34

b39 b310 b313 b314

gy Bapp ! b3,15 0316 |

bye by | =@4,_b41 by b45 by |

- > by, bylihy b

3’7 38 [X4] 43 P44 AT FAS |
b49 b410 b413 b414
_b4,11 by17 ,b4,15 b4,16_

For the level p=0 of the 3D-RISP are calculated the following 8 coefficients:

O=S (O ’0 ! 0 ):\/1 +V2 +V3 +V4 +V5 +V6 +V7 +V8 :
p =S(1,0, O):Vl_VZ W3V VeV,

v=S(0L0)2V; 4V, VoV, 4V V-V, Vg
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The first approximation X of the restored tensor X:

>Z=(1/43)[5(010’0)‘/\/0,o,o+5(1’0’0)‘N1,o,o+5(01’0)‘No,1,o+3(1:1v1)‘/\/1,1,1+
+5(0,0,)Wo 0, r+S(LOIWy o 1+5(0.LIW, 1 +S(LLOWVy 1 o]

where W, are the basic 3D-WHT functions (tensors of size 4x4x4).

A AiB B F FiG G

X ]= ﬁ.-..A.i.-B B for k=1,2; [X,]= FFGG for k=3,4;
“7lc ¢c:D D P PR R
C CiD D P PR R

A=(U64)(orH+otniytp =By, F=164) (o +B +y-0-n —¢—p+rE)=HUB)Vs;
B=164)(o-PHy-0+n—y+p-O=18V,;  GHUB4A) (o +y+0 —1iy—p-EHUB)VG;

C=Ub4) (o 3~y dtmiy—pEHUBV;;  P=UBA) ortP—y+-n—+p-E)=HUBV;
D=(1/64)(o—P-y+0+n —x—p+E)=VBNV,; R=1/64)(0—3 —y-d-1y+p+E)=HU8)Vs.

Calculation of the difference tensor EO=X—)Z , represented by the 4 matrices below:

byA blz‘A  b5-B bygB | Dy A by ,-A bz 5B b,s-B
bs-A by~ A . b8 bgB B bz,s‘A b24‘A bz 7‘B bzs
[Egal= @ )| [Eao]= b,e-C by;-C b D by, D
blg‘C bllo‘C b113‘D b114 29 210 2137 D14~
0 C by, C ,b1,15 D byyeD] 10,1C bypC ,b2,15 D by D]
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by -F by, F ’b35—G by G |
b33—F by 4—F | b37—G by -G
b39 d b310‘P b313‘R b314‘R’
|D310-P D33P b3,15‘R b316-R |

[Eosl= [Eo4l=

by F o byo- F‘b4543 by¢G |

b43F b44F b47_Gl b48_G
b49 P b410_P b413_R b414 R

1Dyy17P b4,12‘P  0y35R Dy R

\ /e

For the level p=1 of the 3D-RISP the tensor Eq is divided into 8 sub-tensors E(t) of size
2x2x2 where t=1,2,..,8. For each sub-tensor are calculated V,;+Vg.

For the sub-tensor Eg (when t=1) are calculated V,;+Vg:

Vg —A Vi ,-A Vig=h-A V=0 A
Vig=hy1=A) Vim0, ,-A V=, 5-A) Vg, ,—A

Division of tensor E,

001=5,(0,0,0 2V 113 51V 5V 4 V4V, 4V, AV, 4=V, -8 AD:
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sub-tensors Ej , fort=1,2,..,8

B1=S1(L0.0)2V, -V 4V 5V V5V 6V Vg
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=51 0.0V, 1#V; 7V 5V, -V 5V 6V -V
71=S1(LO LV V3 V3 5V 4~V 4V 6V 74V
P1=S 101V 1V 5V V3 4~V 5V 4V 4V
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In similar way are calculated the remaining cofficients s,(u,v,1), for the sub-tensors Eé of size
2x2x2, fort=23,...,.8. Then, a}=s,(00,0~V,—8A=0.

In this case, the number of the coefficients for the level 1 is 8, and for the level 2 it is 56, hence -
the 3D-RISP is “non-overcomplete” decomposition - it has 64 coefficients only (4x4x4).

Tensor S

Tensor X
4Ax4x4

A —

\\\\\

S— SR RS SRR | NS

- I ~o _: N a

R e ] A Sy My
P

N I
fffffffffffffffff
,,,,,,,,,,,,,,,
/////

,,,,,,,,,,,,,,,,,,

<
//////

O - coefficient of layer 0 @ - coefficient of layer 1

O - tensor element

Transformation of the tensor X of size 4x4x4 into the spectrum tensor S
of same size by using the 3D-RISP of 2 levels (8+56 coefficients)

The elements 1,2,.,64 of the tensor S are transformed into vectors, as follows:

Applications: Image tensor compression, CBIR in a tensor DB, etc. 10
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Octo-tree representation
of tensor of size 4x4x4
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Tensor X of size 4x4x4
of 64 elements

@ - coefficient of level p=0

O - zero coefficient of level p=1
@ @- coefficient of level p=1

Spectral tensors
2x2x2ifor p=1

3D spectral
space

Spectral tensor
2x2x2 for p=0
(8 coefficients)

2.2. Generalized decomposition: 3D-RISP/WHT for a tensor X of size 2Mx2mMx2m

p=0 U=0v=0 =0

3

~ &~ _ 11 1 . 3

X=X+ EptEm2,| where X=(W2°™>" > > suv)W,y, for p=0; E,=JE}
=1

2mP

\ /e

_ 1 1 1 ~ ~
Ep=12°M "3 s, (Unl)Wyy for p=1,2,,m-1 and t=1,2,..,2m; Eq=X-X; EL=E! ,-E!

u=0v=01=0

11
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3. Main properties of the 3D spectrum tensor obtained through RISP/WHT

3.1. Relations between powers P, and P, of the coefficients in the first and second pyramid levels,
when m=2:

:ﬂ:8(a2+ﬂ2+3’2+52+’72+)( 21 5242)

8
>>1, because a’=() V,)’>> (BH4y*+0% 4 +y “p°+E7)

Py &2 2 2 2. 2, 2 .2
Z (Batrat dutnatxatratin) r=l
t=1 8
2. p2,.2.82 2, 2. 2 22 2,2,2,2, .2, 2 2
and 8(a"+ By +0 "4y “+pH )>>Z(ﬂt1+yt1+ datatxntrutii)
t=1

3.2. Number of the coefficients of the spectrum tensor S of size NxNxN for N=2™ in the

m-level decomposition: o

Ny=8+7x8+7x8°+.+7x8 ™ '=8+7) 8P=8"=N">. Hence, RISP is “non-overcomplete”.

p=1
3.3. Relative number of the retained coefficients in a pyramid of p < m levels in respect of Ny
1(p)=8P/Ny=1/8""P for p=1,2,..m.

Level (p) 1 2 3 | ...... m-2 m-1 m
T(p) 1/8m-1 | 1/8m2 | 1/8™3 | ... 1/82 1/8 1

3.4. Mean square error g(p) for the approximated restored tensor, X is:

N N N N N N
SN D e (1,5 K)P=WN)D TS (LK) X (1,5 K] for p=L,2,..m,
e(p)= i=1 j=1k=1 i=1 j=lk=1
0 - for p=m. 12
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4. Computational complexity for a 3D-RISP/WHT ‘Y)'GD'T

4.1. Computational complexity (CC) of 3D-RISP/WHT with m=2 levels, based on
number of additions (A) and multiplications (M):

3D-RISP parameters A M

for m=2

For level p=0
Vi + Vg 8x7=56 0
a+g 8x7=56 0
A =R 0 8
X 0 1
[Eo,k] for k=1,2,3,4 16x4=64 0

For level p=1
VgV, 1=1,2,...8 8x8=64 0
Su+&q, 1=1,2,..,8 8x7x7=392 0
Total number 632 9

The multiplication by 1/8 is not the classic” operation (it 1s just a binary number translation).
Hence, practically the needed operations are only additions (632), without any multiplications.

4.2. Computational complexity (CC) of pyramid of m levels, based on the “fast” 3D-WHT:

13
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4.2.1.Algorithm for Fast Truncated 3D-WHT (3D-FTWHT)

2D FWHT for a matrix of size 8x8

1D Fast WHT for a vector of size 8
1D Fast Truncated WHT (red)

Etape 1: columns transform

NV

_—

Etape 2:
rows transform

Basic Operation
“Butterfly”

A+B

A-B

3D-FWHT for
tensor X of size 8x8x8

2D-FTWHT for slices 1+-8

1D-FTWHT for fibers 1+N?

\ /e

The 3D-WHT is a separable.
Number of “additions” A¢ for the
“Fast” 1D-WHT (1D-FWHT):

(Gonzales and Woods, 2008)
Ar(m)=NIg,N=m2".

Number of the operations
“addition” Apy for the “Fast
Truncated” 1D-WHT (1D-
FTWHT), when a reduction
(truncation) of the output
coefficients from N down to 2:

m-—1
Apr(Mm)=N> 27P=2(2M-1).
p=0

14
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Ac(m)  m kY)lC}DlT

4.2.2. Acceleration of the calculations: R, (m) = = —> Rip(m)=m/2
PR AR (M) 20-27m) P

Acceleration coefficient

6

SN e

4 35| .g

N o By .

2 | o Azl 2.1) .

..........

1 | gmg.."

| | I
0
=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10

Total number of A for tensor of size NxNxN, transformed by a 3D-FTWHT: AEET)(N)=2N 2(ng2 N+N-1)

Total number of A for tensor of size NxNxN, transformed by a 3D-FWHT: A3D(N):3N 3(N—l)

4.2.3. Acceleration of the calculations for 3D-FTWHT compared to 3D-FWHT and 3D-WHT:

R (N) = A 3Nm  15m
B A 2N me Form=4  Rap(16)=12;
, A 3N(N-1) 152" |
3D(N) = = ~ For m=4 RBD (16)=4.8.

Acr 2INM-D mil c
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4.2.4. Computational complexity of 3D-RISP/WHT

For p=0 the number of additions/multiplications: A= 22™"[2™ (m+1)—1]+3m2%"; M=l

For p=p the number of additions/multiplications: A ,=2"™*P[2"P(m-p+)-1H3(m-p)2°"; M =2°7;

For p=m-2 the number of additions/multiplications: A, ,=11x 23m M ,.0=

For p=m-1 the number of additions/multiplications: A, ;=3x 2%m M, ;=0

Total number of additions/multiplications:

Asp-rRisp (m)=Z:;10Ap=23m{(m -D[(5/2)m+7)]+4}; Map risp (m)=zr;:, M =725 1],

1 1
Example: for m=2 Asp_rrisp(d =Zp:OAp=768; Asp_risp(@ :szoAp:5376.
Acceleration na m3unciassanero Ha 3D-FRISP cpsmo 3D-RISP o otHomenne Ha A(m) u M(m) e:

For tensor with N3 voxels:  Aqprrisp *2.5M°N>  Map rrisp ~(1/56)N°.

16
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4.2.5. Computational complexity of 3D-DWT k‘)lcmn

The 3D Wavelet pyramid (WP) with m levels for tensor of size NxXNxN (N=2™) using a bank of
separable digital filters with 3 and 5 coefficients (1/2)(1,2,1) and (1/8)(-1,2,6,2,-1) requires:

For level p=0 the number of additions and multiplications: ~ A,=18N3; M,=24N53;

For level p=1 the number of additions and multiplications: ~ A;=18N3(1/23); M, =24N3(1/23);

For level p=p the number of additions and multiplications: A =18N3(1/2%); M =24N3(1/2%);

For level p=m-1 the number of additions and multiplications: A, ;=18N3(1/23m3); M, ;=24N3(1/23™-1);

Total number of additions and multiplications:

m-1 m-1__ m-1 m-1__
A owrM=D " A,=18N"Y ~ 8P=205(N*-1); Mappnr(m=), M =24N"Y ~ 87=27.4(N"-])

4.3. Comparison of the computational complexity of decompositions

3D Tensor mL m1y 1 | R=0gp pwi/Osp.isp
Decomposition p=0 P p=0""P

3D-RISP/WHT | 2.5m?N? (1/56)N3 RA(M)=8.23/m?

3D-DWT 20.5N3% | 274N° | Ry=1534

17
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5. Numerical example: tensor of size 8x8x8 transformed by 3D-RISP/WHT

11 3 3i2 3 2 2] 1133123 2 2] 113 3{232:2 113323
226757732 277;7632 277757332 277 7[6 6
116757732 117%7632 1|7|7 7i7]3|3 2 177 7[66
233788202 2358722 277858222 2 77 8|7 3
s I Lol Pt ] L PO PO L
322251132 32221132 322 2[2 232 3zzzj
11222111 112252 112252333 112233
_113353222_ _113353223_ 11333334 11333 3
113 3:23 2 2] 113323 2 2] 113 3i23 2 2] ‘11323
7177|616 6 3 2 7 7666 6 3 2 766626321 T666§53
717 71616 6 3 2 776656632 7|66 6i6|3 2 1 6666%3
g Blkel s 2 2| (efe]7[e]e s 2 2|\ [B]7]r efaa 2[a]  f7]ree e s
12234443175 34443  |12234443 ° [1]1]2
32221344 322352455 3221245 72_1154
1122§3|755 1123I4566 1123;456|_j 1133;45
_113?3456_ 11234567 11 2(al5 6 7 8 _1134?56
Level p=0 of o B » S 1 - 5 e
SD-RISP/WHT 1770 | -42 340 | -242 | -144 -4 82 | 408
(8 coefficients)

The average change between the elements of the successive matrices [X,] is 20 %.

u=0v=01=0

111
Po=(1/8)>">"> " s(u,v,1)*=(UB)(a*+ B2+ +6°+n°+ y *+p*+£%)=437846

A DNl W O BMIN W W N

5423

NN
, R o Rp[R]OaN i N NN
] e

2

5 6
6 7

7 8]

18
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ap: 0 for p ﬂp 7 5p U Xp Fp fp

p=1,2,..,8 1 - 107 -45 5 -57 -23 15 17
2 96 -30 -12 22 20 -10 -32
3 -29 13 1 -1 -1 1 21
4 -9 7 -13 -25 5 17 1
3) -4 -78 4 10 2 -4 -22
6 73 -11 -3 29 7 -5 -13
7 -29 3 -5 -1 5 9 25
8 -41 -55 -1 -21 3 15 1

Level 2 of the
3D-RISP/WHT
(56 coefficients)

Level 3 of the
3D-RISP/WHT
(448 coefficients)

8
P,=(U64)Y (B5+y5+0a+ns+y ot pat+Es)=865

64
Py=(U512)> (Bo+yp+op+nptxp+pp+es)=ll

The total number of the spectrum coefficients equal to zero: 200 from 512, or 39%.

The relation between the normalized powers: P;4:P,y:P5,=1: 0.002 : 0.00003.

In case that the coefficients in the third 3D-RISP level are ignored is got:
- Relation Signal/Noise: SNR = 101g,,10[(P,+P,+P;)/P;] = 46 dB (visually lossless);

- Compression coefficient: K=512/72=7.53.

19


http://www.s3diconference.com/

6. Application of the 3D-RISP for content-based ‘Y)lcmn
multi-level search in a tensor DB

Tensor Database
"""""" Coefficients
— of level p=1 -
S11 Sic
----- 0 000 . 0O
., 56
3D-ISP/WHT L2356
- §01 §oc
Coeffluerlts [Eooo05550) Coefficients [coooo0060)
of level p=0 1,2,3,4,56,7,8 oflevelp=0 | A 1A 5 345675
g ) |
! Similarity measure for level p=0 do
! v
] s vy
: Di(0) f------- D [ | - do
Input . |
L 2 2 A Coefficients Lt e e e e e e e e e e = =
M‘-" of level p=1 = - 1
g0y !
R " 600 .0 -
SEA 0 1,2,3,....,56 ] Y- - v__¢
O - o ' - H
Sy 1|9 D) [---- Y Dc(1) ] | Min
Coefficients (1% L |Per Per »
00000000} 1 c
Query tensor X offevel p=0 | A4 o6 78 | |
:_ Similarity measure for level p=1

Block diagram of the content-based multi-level search illustrated for two-level 3D-RISP/WHT
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7. Conclusions ‘Y)Icmﬂ

Main advantages of the tensor decomposition based on the 3D-RISP/WHT:

» High concentration of the tensor energy in a small number of spectrum coefficients
placed in the initial level, which permits efficient information redundancy reduction;

» Minimum computational complexity regarding the famous tensor decompositions based
on the multidimensional Wavelet Transform, PCA, SVD, and their variations. The main
reasons are the divisibility of the 3D-WHT, the use of the “fast“ 1D-WHT without
,,multiplication* (only “addition”), and the possibility for coefficients’ $(0,0,0) number
reduction in each group of 8 coefficients for one sub-tensor EL .

Future development of 3D-RISP/WHT structure:

» Investigation of various 3D decompositions, such as: the truncated pyramid,
the locally-adaptive pyramid in respect of the sub-tensors contents, etc.;

» Extension for N-dimensional pyramid, applied on sequence of tensors (train tensor).
The future investigations on the 3D-RISP are aimed at the following areas:

v Development of algorithms for compression of image sequences, represented as
3D tensors by using other kinds of orthogonal transforms (DCT, Hartley, etc.);

v" Application for content-based multi-level search in a tensor DB;

v" Big data analysis, using 3D convolutional neural networks for deep learning, etc.
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